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ON QUASIANALYTIC CLASSES OF GELFAND-SHILOV 
TYPE. PARAMETRIX AND CONVOLUTION 

STEVAN PILIPOVIC, BOJAN PRANGOSKI, AND JASSON VINDAS 


Abstract. We develop a convolution theory for quasianalytic ultradistri¬ 
butions of Gelfand-Shilov type. We also construct a special class of ultra¬ 
polynomials, and use it as a base for the parametrix method in the study of 
new topological and structural properties of several quasianalytic spaces of 
functions and ultradistributions. In particular, our results apply to Fourier 
hyperfunctions and Fourier ultra-hyperfunctions. 


Introduction 

Convolution is among the most important operations in mathematical 
analysis. In the case of distributions, this a classical and much studied topic 
within Schwartz’ theory [T2, S3 13S, 133 SB] (see also the relevant references 
[3 El H31 IS!])- Although many central problems concerning the convolu¬ 
tion of Schwartz distributions were solved long time ago, one may still find 
many interesting results in the recent literature m 0 m Eg. In the case 
of non-quasianalytic ultradistributions, the existence and characterizations of 
the convolution of Beurling ultradistributions was established in j 141 [28] • The 
long-standing problem of extending such theory to Roumieu ultradistributions, 
or even to classical Gelfand-Shilov spaces [2T], of non-quasianalytic type was 
solved only until recently in our paper [30] and substantially improved in [8]. 
A key ingredient for the improvements in the latter paper is the use of the 
so-called parametrix method, based there on parametrices for ultradifferential 
operators constructed by Komatsu in [TO]. 

In this article we develop a convolution theory for quasianalytic ultradistri¬ 
butions. The problems that we consider in this paper significantly differ from 
the non-quasianalytic case and require the development of new methods for 
their analysis. In fact, we shall establish here a number of new topological and 
structural properties for spaces of quasianalytic functions and ultradistribu¬ 
tions that, to the best of our knowledge, have been lacking in the literature for 

2010 Mathematics Subject Classification. Primary 46E10, 46F05. Secondary 46E40, 
46F10, 46F15, 44A35. 

Key words and phrases. Convolution; parametrix method; quasianalytic classes; 
ultradifferentiable functions; ultradistributions; Gelfand-Shilov spaces hyperfunctions; 
ultrahyperfunctions. 

S. Pilipovic is supported by the Serbian Ministry of Education, Science and Technological 
Development, through the project 174024. 

J. Vindas gratefully acknowledges support by Ghent University, through the BOF-grant 
01N01014. 


1 



2 


S. PILIPOVIC, B. PRANGOSKI, AND J. VINDAS 


quite long time. An important technical tool in this work is the construction 
suitable ultrapolynomials with respect to a class of quasianalytic sequences 
and their use as a base for the parametrix method. 

Our interest lies in the spaces S^^(R d ) (Beurling case) and (R d ) 

(Roumieu case) of Gelfand-Shilov mixed type and their duals, where the weight 
sequences satisfy suitable conditions (see Section [T|) but may be quasianalytic, 
namely, they do not necessarily satisfy the so-called (M.3') condition [16]. We 
employ the common notation tSj* (M d ) to treat the Beurling and Roumieu cases 
simultaneaously. We remark that all of our results cover the important cases 
of Fourier hyperfunctions and ultra-hyperfunctions as particular instances; in 
fact, they correspond to the symmetric choice A p = M p = p\ (see [E2 m, 
m for hyperfunctions and ultrahyperfunctions). However, it should also be 
emphasized that we go beyond (ultra)-hyperfunctions, as the weight sequence 
M p may satisfy M p C p\. 

The paper is organized as follows. In Section [T] we fix the assumptions 
on the weight sequences and discuss some preliminary notions. We set the 
ground for the parametrix method in Section [21 where we also deduce vari¬ 
ous topological and structural properties of ^(M^) and their duals 5j*(M d ). 
Indeed, we provide a structural characterization for d>j*(M d ) and establish the 
nuclearity of these spaces. As a preparation for our study of the general con¬ 
volution of quasianalytic ultradistributions, we collect and explain in Section 
[3] a number of results concerning the class of ultradistribution spaces associ¬ 
ated to translation-invariant Banach spaces recently introduced and studied 
by us and Dimovski in [7, [8] |9|. The main concern in the rest of the paper is 
the convolution. Naturally, a good understanding of the topological properties 
of the spaces B*, V* LOOl and V^i (ultradistribution weighted extensions of the 
corresponding Schwartz spaces [SUSS]) should play an essential role in such 
study. In Section [4] we study the e tensor product of B* with a sequentially 
complete, quasi-complete, or complete l.c.s., while in Section [5] we show that 

(P^c) and V are isomorphic as l.c.s.; such investigations are new and 

of independent interest. All these topological results are then used for the 
analysis and characterization of the convolution in Theorem 15.81 


1. Preliminaries 

Let {M p } peN and {A p } pG n be sequences of positive numbers, M 0 = Mi = 
Ao = Ai = 1. Throughout the article, we impose the following assumptions 
over these weight sequences. The sequence M p satisfies: 

(M.l) M^ < Mp_iMp + i, p G Z + ; 

(M.2) M p < c 0 H p min {M p _ q M q } , p,qeN, for some c 0 , H > 1; 

0<q<p 

(M.5) there exists q > 0 such that M p is strongly non-quasianalytic, i.e., 
there exists c 0 > 1 such that YlpLp+i < c 0 pMg/M p+ i, \/p G Z + . 
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We assume that A p also satisfies (M.l) and (M.2). Without any loss of 
generality, we can assume that the constants Co and H from (M.2) are the 
same for M p and A p . Moreover, we assume that A p satisfies: 

(M.6) p! C A p ] i.e., there exist Co, L 0 > 1 such that p\ < coLqA p , p G N. 
Note that (M.5) implies that there exists n > 0 such that p\ K C M p , i.e., 
there exist c 0 , L 0 > 0 such that p\ K < c 0 LqM p , p G N (cf. [16, Lemma 4.1]). 
Naturally, by enlarging it if necessary, we may assume that q G Z + , q > 2, in 
(M.5). Following [15], for p G Z + , we denote m p = M p /M p _i and for p > 0 
let m(p) be the number of indices p with rn p < p. As a consequence of [Tfi] 
Proposition 4.4], a change of variables shows that (M.5) holds if and only if 



m( A) 
A s+1 


dX < c 


m(p) 

P s 


Vp > m\. 


A sufficient condition for M p to satisfy (M.5) is obtained if the sequence m p /p x 
is eventually quasi-increasing for some A > 0, namely, there is c such that 
m p+ i/m p > c(l + l/p) A for p > 1. Although it is not part of our assumptions, 

OO 

we are primary interested in the quasianalytic case, i.e., ^^M p _i/M p = oo. 

p =i 

We denote by M(-) and A(-) the associated functions [L6] of M p and A p , 
respectively, and by M(-) the associated function for M p := Mg. Clearly, 
M(p q ) = qM(p), p > 0. Denote by 91 the set of all positive sequences which 
increase to oo. For (l p ) G 91, denote as Ni p (-) and Bi p (-) the associated functions 
for the sequences M p rij=i h an d A p n^=i hi respectively. In the sequel we will 
often use the following technical result. 


Lemma 1.1 ([3Tj). Let (k p ) G 91. There exists (k' p ) G 91 such that k' p < k p 

p+q p q 

and n k] < 2 p+q n ' n k'j, for all p, q G Z + . 

i=i j=i j =i 


We denote by , 


h > 0, the (B )-space (Banach space) of all <p G 


C°°(R d ) for which the norm 


h) a \ 

o h (p) = sup- 

a. 


e A(h\-\) D *y 


L°° 


(R d ) 


M a 


is finite. One easily verifies that for hiH < h 2 the canonical inclusion —> 

^Ap hi is compact. As l.c.s. we define S^^(R d ) = hm S^ p h and «S|^ p ^(M d ) = 

h—> oo 

liny Thus d>|^(M d ) is an (FS )-space and (W 1 ) is a (DFS)- space. 

h >0 P ’ 

In particular they are both Montel spaces. In the sequel we shall employ 
<S]*(M d ) as a common notation for S^^(M d ) (Beurling case) and 5|^(M d ) 
(Roumieu case). 

For each (r p ) G 91, by we denote the space of all <p G 0°°(M d ) such 
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that 


= sup ■ 


| e -Brp(H) JJC 


A 


n'ir 


< CX). 


Provided with the norm <7(y p ), the space S^ p '^ becomes a (-B)-space. As in 
[2], one can prove that (M d ) is topologically isomorphic to lim . 

p ( r p) p ’ p 

We will often make use of weighted L p spaces. We fix the notation. Let 
rj : M d —* (0, oo) be a measurable function. For 1 < p < oo we denote as L p the 
spaces of measurable functions g such that ||c/||| P)77 := \\yg\\ P < oo. On the other 
hand, we make an exception and define via the norm ||g||oo,r 7 : = ||g/?7||oo- 
As usual, if rj = 1, we drop it from the notation. 

Following Komatsu [18J we will use the ensuing terminology. For a subset 
A of a locally convex space F (from now on always abbreviated as l.c.s.), we 
say that f E F is a sequential limit point (resp. a bounding limit point) of A 
if there exists a sequence in A (resp. a bounded net in A) which converges to 
F. We say that A is sequentially closed (resp. boundedly closed) if it coincides 
with the set of all sequential limit points (resp. the set of all bounding limit 
points) of A. Since the intersection of sequentially closed sets (resp. boundedly 
closed sets) is sequentially closed (resp. boundedly closed) there exists smallest 
sequentially closed set (resp. smallest boundedly closed set) which contains A. 
We will call this set the sequential closure (resp. the bounding closure) of A 
in F. 

As usual, a subset A of F will be called sequentially complete if every 
Cauchy sequence in A is convergent in A. Moreover, A is said to be quasi- 
complete (Komatsu [HE] uses the term boundedly complete) if every bounded 
Cauchy net in A is convergent in A. The sequential completion of A C F 
(resp. quasi-completion) is the sequential closure (resp. the bounding closure) 
of A in the completion of F. 

For X and Y two l.c.s., we denote by C(X,Y) the space of all continuous 
linear mappings from X to Y. When we want to indicate a specific topology 
on this space we will use the following indices: b for the strong topology, cr 
for the weak topology, p for the topology of precompact convergence, c for the 
topology of compact convex circled convergence. If X is quasi-complete then 
clearly C P (X, Y ) is isomorphic to C c (X, Y). We use the same indices as above 
for denoting the corresponding topologies on the dual X' of the l.c.s. X. If 
t is any of these indices we denote by C e (X[,Y) the space C(X' t ,Y ) equipped 
with the topology of uniform convergence on all equicontinuous subsets of X'. 

Following Schwartz [36] and Komatsu [Hj for two l.c.s. X and Y we denote 
by XeY (the e product of X and Y) the space of all bilinear functionals on 
X' c X Y' c which are hypocontinuous with the respect to the equicontinuous 
subsets of X' and Y' and equipped with the topology of uniform convergence 
on the products of equicontinuous subsets of X' and Y'. The tensor product 
X ® Y is canonically embedded into XeY via {x ® y)(x',y') = (x', x)(y', y). 
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Clearly, the topology induced by XeY on X ®Y is the e topology. As pointed 
in [T8l p. 657], we have the following canonical isomorphisms of l.c.s. 

XeY = C e {X' c ,Y) = C e (Y(,X). 

Grothendieck HU first introduced the approximation property for a l.c.s. X: 

X is said to have the approximation property if the identity mapping 
Id £ £(A, X) is in the closure of X' <8> X in C P (X, A"). 

Later Schwartz [36] introduced the following weaker version: 

A" is said to have the weak approximation property if Id is in the closure 
of X' 0 A in £ C (A, A). 

If A" is quasi-complete the above two definitions are equivalent. We also need 
the following notion mm- 

We say that X satisfies the weak sequential approximation property (resp. 
the weak bounded approximation property) if Id is in the sequential closure 
(resp. the bounding closure) of X' ® X in £ C (A, A). 

Every nuclear space has the weak approximation property. 


2. Structural and topological properties of 5|*(R d ) 

2.1. Parametrix. The construction of ultradifferential operators for the parametrix 
method is a basic result for accomplishing the main results of the paper. 


Lemma 2.1. Let r' > 1 and k > 0 (resp. (. k p ) £ 9\). There exists an 
ultrapolynomial P(z ) of class (M p ) (resp. of class {M p }) such P does not 
vanish on W 1 and satisfies the following estimate: 

There exists C > 0 such that for all x £ W l and a £ 

(2.1) |D“ (1/P(z))| < c(Le~ M W’ l>, resp. 

(2.2) \D a (\/P(x))\ < cX.e- N -e^\ 


Proof. Let r' > 1 and k > 0 (resp. (k p ) £ 91). In the (M p ) case set l = 
2Hky/2d. In the {M p } case define l' p = k p /(AHy/2d), p £ Z + . By Lemma 11.11 
we can select (l p ) £ 91 such that l p < l' pl p £ Z + and rij=i h — P+q XYj=i h ' 
nj =1 lj j f° r all p, q £ Z + . Let j 0 £ Z + , j 0 > 2, be such that r'l/irij < 2 ~ q ~ 5 d~ q 
(resp. r'/(Ij'rrij) < 2 ~ q ~ 5 d~ q ), for all j > j 0 , j £ Z + ; such j 0 exists since 
mj —> oo and (l p ) £ 91. Observe the function 


aw = II 


J=JO 


1 + 



,2 £ C Q 


where z 2 = zf + ... + z%. Clearly Pi(z) (resp. Pi p (z)), is an entire function. One 
easily verifies that the function of one complex variable ( i—>• Pi((, 0,..., 0) (resp. 
( t-A- Pi (C, 0,..., 0)) satisfies the condition of [TBJ Proposition 4.6]. Denote 

briefly this function by Pi (resp. by Pi ). Hence Pi (resp. Pi ), satisfies the 
equivalent conditions of [IB] Proposition 4.5], i.e., there exist h,C > 0 (resp. 
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for every h > 0 there exists C > 0), such that |-P;(C)| < Ce ^WCI) f or a ll ( £ C 
(resp. |P; (£)| < Ce M ^" for all Q £ C). In the Beurling case, observe that 

\Pi(z)\ < J] (l + I ~^ 1 ) = H\A) < Ce^ z I), z G C d , 

j=jo ' i ' 

for some h,C > 0. Similarly, in the Roumieu case, one obtains the same 
inequality with Pi p for each h and the corresponding C = C(h). Thus Pi 
(resp. Pi p ) is an ultrapolynomial of (M p ) class (resp. of {M p } class). Define 
Pi(z) = Pi(zl,...,z q d ) (resp. P ip (z) = Pi p (zf ,..., z q d )). Then, if we use that 
M(p q ) = qM(p) and [16], Proposition 3.6] for M p , we have that there are 

h, C > 0 (resp. for every h > 0 there exists C > 0), such that |Pz(z)| < 

(j e M(h\z\) (" reS p |p^(-)| < Ce M ^ h l 2 D), for all z G C d . Denote W = + i{y G 

M d | \Uj\ < 2 r',j = 1,..., d}. For z = x + iy G W, with |x| < 2 q+A d q r’ and j > jo 
we have 

f*|^ + ... + ff[ < /iw + wy < y 

fn 2 ~ \ rrij ) ~ 2 «’ 

i. e., Pi does not have zeros in W when |x| < 2 q+A d q r' . Similarly, Pi doesn’t 

have zeroes when z G W and |x| < 2 q+4 d q r'. When z = x + iy G W and 

|x| > 2 q+4 d q rj we have \y\ < 2 r'y/d, < 2~ q ~ i d~ q+1 \x\. Thus 


R e(zl q + ... +z 2 /) = Re^{\zj\ 2 + 2ix j y j -2yf) L 

3 = 1 

d d q 

q \ |„.|2(?-t) (o;~ „. o„.2p 


EN 2, + Re EE (f) N 2(9 t] ( 2ix jyj - 2 v 2 Y 

3 =1 3 =1 t=\ ' ' 


Now, observe that 

d q 


Re EE 

3=1 t= 1 


!) \zj\ 2(q <} ( 2 iXjVj - 2y 2 Y 


< 


d q 

EE 

3=1 t= 1 


\2(q-t) 


(2\x j \\y j \ + 2y 2 ) t 

3=1 t= 1 


< 



25+lcp-l 



\z\ 2q 

- 2d q ~ 1 ' 


U.|2 (q-t) 
\“3 I 


\x\ 2t 

2t(q+l) dt(q-l) 


On the other hand, we have Xq=i \ z j\ 2q — Hence, for z G W and |x| > 
2 q+A d q r', we obtain 
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Thus Pi, resp. Pi , does vanish on W. Moreover, by the above estimates for 
z = x + iy G W and |x| > 2 q+i d q r' in the Roumieu case, we have 


\PiJz)\ > 


-y sup 


n 


P6Z+ ■ 
P>jo 3 J0 


1 + 


# + ■■■+# 


Ifmf 


> sup ] | 


1 2 q 


Li ( 2 « ff 


= sup 




P>30 
2 q 


3= JO 


P eN (2d)( P +b/2M p+ , 0 n?3°^ 

> Cq 2q ( 2H)~ 2q ^ 0 ^ (sup 


|^| p+1 


2g 


p£ n (2//v / 2d) p+1 Tf p+1 

2 q 


> c~ 2q {2H)- 2q ( j °-V sup 


;| P+1 


m p+1 nc:<%/ 2 ) 


= C' , e 29jVfe p/ 2 *-l z l) > (^'e^p/ad 2 !) 


and similarly \Pi(x)\ > C'e M ^ 2k in the Beurling case. As Pi(z) and Pi (z) 
don’t have zeroes on W, the same inequalities hold on W, possibly with another 
C'. Hence, for x G R d , by Cauchy integral formula applied on the distinguished 
boundary of the polydisc T{x) = {w G C d | \wj—Xj\ < r', j = 1,..., d} C int W, 
we have 



< 


a\ 1 

r' H toS?*) I^pHI' 


If |x| > 2 r'y/d, then for w G T(x), one easily verifies that |iy| > \x\/2, hence 
(2.3) \Pi P (w)\ > C'e Nk */ M > CVMH). 

This yields (12. 2 p for |x| > 2 r'\fd and by similar calculations also (12.ip for 
|x| > 2 r'yfd. If |x| < 2 r'yfd, one also has (j2,3j) with possibly another C 
(observe that 1 < e M ( fc l a: l) < C" and 1 < e A AhN) < q" w hen |x| < 2 r'\fd). 
Hence (j2. 1 j) and (12.2p are valid for all x G M d . □ 

Proposition 2.2. For every t > 0 (resp. (t p ) G SR) there exist G G S^pt 
(resp. G G S^ p ’^ p )) and an ultradifferential operator P(D) of class (M p ) 
(resp. {M p }), such that P{D)G = 5. 


Proof. Without loss of generality, we may assume t > 1 in the Beurling case. 
Let k = (2 L 0 dt) 2 and r' = 2 L 0 dt in the Beurling case. In the Roumieu case, 
let r' — 2 and take (k p ) G 9% such that k p < t p /d , p G Z+, and n^i kj — 
2 p+i nju * • nj=i k j for all p,gGZ + (such a sequence exists by Lemma 11.11) . 
In view of Lemma [2711 we can find an ultrapolynomial P(z) of class (M p ), resp. 
{M p }, such that 

| D a (1/P(x))| < C^ e ~ M *HW x£R d ,aeN d 
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I D a {l/p{x))\ < x G M d , a G N d . 


Define 


G{x) = 


V ' (2n) d J Rd P(0 

Obviously G G C' 0O (M d ). We have 

I __/3 t^ol/~u __\ I 1 I [ -ix£,( _7~) \/3 /" £ 




1 V 71 (2vr) d |j R d ' 

In the Roumieu case we have 


d£, x G 


< 


C E 


'P\ a\(( 3 - 7 )! 


^7/ (a — 7)!r'l /3 l hi 


J_ . |^|l«|-|7lg- Jv fc p /( 8 ir)(h|) 




and similarly, in the Beurling case, we obtain 

k(ife)75?E(7"w 


a\-h\ e -M(2 H m)' 


Observe that, for |£| > 1, in the Roumieu case we have (recall r' = 2) 
r '\i\ |^||a|-|7l e -iv fcp /( 8 H)(ld) < 2l“l|^|-^- 1 |^|l«l+<i+i e - Ar ^/(8«)(hl) 

|a|+d+l d+1 a 

< 2l“l|£|-‘- 1 M HW+1 (kjH&H)) < CoMd+i n(%/2)kr i - 1 M„Ilft/ 2 ) 


C'|{|- d - I M«n(%/ 2 ) 


and for |£| < 1, we obtain 


r 'l7l^||a|-|7l e -JVfcp/(8H)(KI) < 2 I“I < C 'M a \\[kj/2). 


Thus, by using /3\ < c\ApKp , where Kg = n ;=i kj for /3 G N d , we obtain 


.L D s (ifo) dx - c \ m « a v k « k g 

i.e., \x^D a G(x)\ < C"M a ApK a Kp , for all x G M d , a,/3 G N d . In the Beurling 
case, for |£| > 1, (recall k = (2 L 0 dt) 2 and r' = 2 L 0 dt) 

r /|7|m||a|-|7| e -M(2rrfc|^|) < T ./|a||^|-d-l|^||a|+d+l e -M(2Hfc|€|) 

< r'W\Z\- d -\2Hk)-W- d - 1 M H+d+1 < c 0 r'\ a \2k)-\ a \- d - l M d+l \i\- d - l M a 
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<C'{2L G dt)-\ a \\i\- d ~ l M a . 

For |£| < 1 we have 

r 'l7l|^|l«|-|7l e -M(2m-| ? |) < r l\a\ < c\2L 0 dt)- H M a . 

Now, by using /3\ < c 0 L^Ap we obtain \x^D a G{x) | < C'"(dt)~^~^M a Ai 3 , 
for all x G R d , a,/3 E N d (recall r' = 2L 0 dt). Observe 


|a;| 2 l^l|D Q G(a;)| 2 = 

h\=\P 


m 

7 ! 


x^ \D a G(x)f 


Thus \x\\P\ \D a G(x)\ < C 2 t ^M a Ap in the Beurlingcase and |x|^ \D a G(x)\ < 
C 2 M a ApT a Tp in the Roumieu case (we set T 7 = ](11-"= 1 tj f° r 7 e N d ), f° r all 


x G 


l , a, (3 G N d (recall k p < t p /d, p G Z + ). Hence 


|D a G(a;)|e A W*l) 




< C 2 resp 


\D a G(x)\e Bt p^ 


M a T a 


< C 2 , Vx G R d , Va G 


It remains to prove that P(D)G = 5. For cp G (M®) we have 


(P(D)G,ip) = / G(x)P(-D)ip(x)dx = 


(2vr ) c 


e ix£ 

m 


P(—D)p(x)dxdf 


p-\p(-D)vm 

m 


d^= / = 0 ), 


i.e., P(D)G = 5, which completes the proof. 


□ 


Example 2.3. Using Proposition 12.21 one can construct and entire function / 
of exponential decay such that P(D)f is continuous but nowhere differentiable. 
More precisely, let M p C p\ (e.g., M p = p\ a with 0 < a < 1) and A p = 
p\. By considering the Weierstrass continuous nowhere differentiable function 
on M, Proposition 12.21 implies that, for each fixed r, r > 0, one can find an 
entire function / satisfying |/l fc l(x)| < CMke~ T ^/r k , Vr G M, Vfc G N and an 
ultradifferential operator P(D ) of class (M p ) such that P(D)f =Weierstrass 
function. 


Lemma 2.4. Let r > 0 (resp. (r p ) G fR). 


i ) For each x, T £ 5 t *(R d ) and -0 G ( res P■ "0 e ^A p fr p ))’ X * (WO e 

<S*(M d ). 

ii) Let (p,x G <S|(M d ) with 99 ( 0 ) = 1 and f Rd x( x )dx = 1. For each n G 
Z + define Xn( x ) — n d x{nx) and p n (x) = <p(x/n). Then there exists 
k > 2r (resp. (k p ) G with (. k p ) < (r p /2)), such that the operators 
Q n ■ ^ Xn* are continuous as mappings from S^'Jf to 


(resp. fromS^J^ to 


C 


f c M p ,r\ / • /■% 

b{ S A p ,k , S A p ,r ) ( reS P■ mC b 


), for all n G Z + . Moreover Q n -A- Id in 

( cAfp,(fc p ) cM p ,(r p )\ 1 
\°A p ,(k p ) >%,(r p ) J/- 
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Proof. We give the proof for the Roumieu case. The Beurling case is similar. 
To see that x * (WO £ ^{a p } (® d ) let (^p) ^ ^ be arbitrary but fixed. Set 
k p = Ip/ 2, p G Z + . Clearly (k p ) G 91. Observe that 

e B i P ( M) < 2e B ‘p(- 2 \ x -y\) e Bl p ( - 2lyl) = 2 e B k P (\ x ~y\) e B k p (\y\) ^ 


so 


PWx* (WOWOI < / \D a x(y)\\<p(x-y)\\4>(x-y)\dy 


< C]M a 


kj / e - Bk P iM) e- Bk p {lx - yl) e- Br ^ x - yl) dy < C 2 M a 


lj -e-M®!); 


i=i 


t=i 


which completes the proof of i). 

We will prove ii) in the Roumieu case. The Beurling case is similar. 
Let (r p ) G 91 be fixed. By Lemma 11.11 one can find (k' p ) G 91 such that 
k' p < r p / (4 H), \/p G Z + and k/ < 2 p+q n^ =i k/ ■ Y\ q j=1 k/ for all p, q G Z + . 
Let = k p /{2H), p G Z + . Obviously, (fc p ) G 91. We will prove that (/e p ) 
satisfies the required conditions. For a G set R a = Y[^i r ji K' a = IIj=i kj 
and K a = n|,=i kj- For if G <S^’^ denote if n = ip n if and proceed as follows 

I D a (Xn * (</V0)) (x) — D a lf(x) | e Br P^ x I) 


M n R n 


< 2 


IXn^le^^D . \ Da M% - V ) -D a Mx)\e B ^ ^ 


M n Rn 


\D a i/> n {x) — D a 7p{x )| e B n>(W) 


< 2 


lx(?/) l e 


M a R a 

^■p(2|j/|) 


\D a ij) n {x — y/n) — D a tj} n {x) \ e Br p^ x y / n ^ 


M a R a 


dy 


\D a ip n (x) — D a '4>{x)\ e Bk p^ 

+ M a K' a ’ 

Denote the first term as S' na {x) and the second one as S" a (x). To estimate 
S" a (x), observe that, by construction, the sequence M p YYj=\ kj satisfies {Ad.2) 
with constant 2 H instead of H. Thus ca Proosition 3.6] implies 

e 2B k' p (\ x \) < c > e B k' p ( 2H \ x \) = c ' e B k p (\x\) 

Hence, S/ Jx) 

|1 — cp(x/n )| \D a ip(x)\ e Bk p^ x ^ 


< 


M a K’ a 


1 /a\ \D^(p{x/n)\ | D a ^if{x)\e Bk 'p^ x ^ 

+ ^o W 
(3<a ' ' 


M a K' a 
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/ / / / \ | -i / / \ | -B k ,(\x\) cr (fcp)(V J ) <J (fc p )('0) 

< ca {kp) {il>)\l-<p{x/n)\e k ? +—- 2 ^ 


n 


(2H)\ a \ 


13<a 
/ 3^0 


- / /"/Nil / / \| — B k' (I®!) I °'( fc p)( ( ^) cr ( fc p)(V ; ) 

< ca (kp) {ip) |1 - ip{x/n)\e > H- 


n 


set a n = 


(1 — <p{-/n)) e Bk 'p^ ^ 


. We prove that a n — > 0. Let £ > 0. 

Pick C > 0 such that e Bk 'p^ x ^ < e/(l + |2||L°°(R d )) w I ien M > C. Since 
<^(0) = 1 and <p is continuous there exists n 0 G Z + such that for all n > n 0 , 

|1 — ip(x/n) | < e for all |x| < C. Thus |1 — tp(x/n)\ e Bk 'p^ < e for all x G M d 
and n > n 0 , which proves a n —> 0. We obtain 

(2-4) S" :a (x) < a (fcp) (0) ( c'a n + a {kp) (ip)/n) , 

pd s- Tsjd 


Mp , {kp') 

M 

n 

da K )(^ n )M H+1 K' lal+1 \y\ O _ B , ( | a ._ tJ , /n | ) 


for all, x G M , a G N , 0 G S Ap ( kp y To estimate Taylor expand £>“0 n 
at x to obtain 

\D a if n {x - y/n) - D a if n {x)\ < — ^ [ \D a+p if n {x-ty/n)\dt 


1=i' 


< 


J W - 


dt. 


n 


Observe that 

e B rp {2\x-y/n\) < 2e B rv {A\x-ty/n\) e B rv {A\{\-i)y/n\) < ^(P k 'p^ X ~ ty 1 e Bk 'p M) an d 

M\ a \+\K'\ a \ +l < c 0 (2Hy°‘^ +1 M a k , 1 K , a < c 0 riM a R a . 

Moreover by definition S” a (x), sup 1(502IIL°°(K rf ) = cr(fc')(0 n — 0)- Hence, the 

a 

above estimate for S" a {x ) implies 

<pfc')(0n) < O r (fcp)(0) ^c'a n + a(kp) ^ + 1^ < c"(7( fep )(0). 

Now, for S' na {x) we have S' na {x) < C'a^ kp fyj)/n. This estimate together with 
(12. 4 p proves that Q n G £ {^Ap fkp)^Ap(rp)^)i f° r n e ^+ and Qn —> Id in 
£fe (^Apfkp)^ ^Apfrp)') ’ which completes the proof. □ 

2.2. Structure theorems for d>j*(R d ). In the next proposition for t > 0 


(resp. (t p ) G 91), we denote by S‘ A ‘( t (resp. by Sy'lty ) the closure of 

in S A p P f ( res P' the closure of 5 {X} } ( Rd ) in S A P H))- 


{Mr), 

V ) 


Proposition 2.5. Let B be a bounded subset of There exists k > 0 

(resp. ( k p ) G 90) suc/i that each f E B can be extended to a continuous 

functional f on S Ap ’ k (resp. onS Ap ( k y). Moreover, there exists l > k (resp. 

{l p ) G 9t with {Ip) < {k p )) such that S Ap p j C S A P * (resp. C S Ap ^) 
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and * : sYi x SfQ -> •ST'X (W- * : 5 


■» A Ip ,/ 


;M p ,k 


A p ,l 


? Mp,(l p ) pM p ,(lp) 

Ap,(l p ) Ap,{l p ) 


qM p ,(kp) i 

°A p ,{k p )J 


is a continuous bilinear mapping. Furthermore, there exist an ultradifferential 
operator P(D) of class * andu G S^ p j (resp. u G ) such that P(D)u = 

5 and f = (P(D)u) * f = P(D)(u* f ) for each f G B, where u* f is the image 
of f under the transpose of the continuous mapping ip ha u * ip, S^ p ^(M. d ) -A- 

Sft (resp. S { ( "’ ) , (R“) -> F ° r / 6 B . « * / e n C(R d ) 

(resp. u* f G ( .n D C(R d )) and in fact u * f(x) = (f,u(x — •)). The set 

e l p k 

{u* f\f e B} is bounded in M) (resp. in L°% l (M)y ). 


e ‘p 


Proof. We give the proof in the Roumieu case. The Beurling case is analogous. 
For brevity in notation for (t p ) G 91, set X^ = . Since B is bounded 

in it is equicontinuous. Hence, there exist (r p ) G and C > 0 

such that \{f,<p)\ < C<T( r )((p) for all / G B, i.e., each / can be extended 
to a continuous linear functional on X( r ) and if we denote this extension of 
/ G B by /, then the set B = {/ G X\ A f G B} is bounded in X! y For 


n G Z+, let Xn and ip n be as in ii) of Lemma 12.41 One easily verifies that the 


mapping Q n : if ha \n * (<£>nV0 is continuous from tSj A 


{M p }, 

p} 

’{Alp} (Tn>d\ c-Alpihp) 


to S 


{M p }, 

{Ap} 


r ) for 


S Ap$p) to S Al:tl for all n G Z + and Q n -A Id in C b ,S MM 


A p ,( r p) 


of Lemma EH Qn(X kp ) C 


all n G Z + and hence also Q n G £ (R d ),for all rt G Z + . For 

this (r p ), Lemma EH implies that there exists (fc p ) G 91 with (k p ) < (r p /(2H)) 
for which the operators Q n '■ if eA Xn* (Tnf’), are continuous as mappings from 

v A p ,(kp) ’ ^A p ,(r p ) J ‘ 

i M p}nn>d^ q X( Jp> for all n G Z + , hence Q n G 
£ (X( fep) , W (r>) ) for all n G Z + and -A- Id in C b (X {kp) , X (r>) ) . Obviously 
the restriction of Q n to d>j^ p ^(M a! ) is Q n . Denoting by t Q n the transpose of 
Q n we have t Q n -A- Id in C b (x{ r ^, X'^'j. Also for / G B, the restriction of 
t Q n f to is exactly the ultradistribution l Q n f = <p n (Xn * /)• But 

we have that gf <n = <p n (x n * /) G S^ p y(R d ). Again, Lemma EH implies that 
there exists (l p ) G 91 with (l p ) < (k p /(2H)) such that for each v G 
Xn * (Tnv) -A v in and X n * (<p n v) G 5 { { ^ p } } (M d ), i.e., C X {kp) . 

By Lemma 11.11 we can assume that ri/=i ^ — 2 p+q rij=i ^ ' riy=i ^ f° r all 
p, q G Z + . Set l p = l' p /(AH), p G Z+. One easily verihes that for each 

» ^ /i/ \ \ 

= Y{i p ),(i ’) and there exists c > 0 such that 


h G 


p d gMp,(lp) 

5 ^ Ap,(/ p ) 5 




llTUly < Moreover, there exists c' > 0 such that for h, h 0 G 

and t. 6 


( 2 . 5 ) 


<P!'){ThV - T ho v) < c'\h - h 0 \cr {lp) (v)e Bl pA h A+\ h \). 
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To prove this one estimates D a v(x + h) — D a v{x + h 0 ) by Taylor expanding 
D a v at x + ho similarly as in the proof of ii) of Lemma 12.41 Also one readily 
verifies that for this (l p ) and v,v' £ $A p fi p )i a ( l ' P )( v * v ') — c " <T (i P )( v ) a (i P )( v ')i 

i.e., * : x is continuous bilinear mapping. Similarly 


Ap,(Z p ) 




as above, take (/") £ 94 with (/") < ( l p ) such that S A P ’^ C Xy p y By 


T ” * pJ v - - C X(b \ and an ultradifferential 
P ^ P ) — 


Proposition 12.21 there exist u £ S A P ’^ C Xy p ) c_ 
operator P(D) of class {M p } such that P(D)u = S. Hence (P(D)u) * f — f. 
Moreover, ( P(D)u ) * gj. n = g^ n . Since gj, n — > f in we obtain 

?'i M p}r{®dy On the other hand, since 


(P(D)u) * g f , n -> / = (P(D)u) * f in S™ 


31,n e d?)'(K‘‘), (P(D)u) * g,. n = P(D)(u * g,„). Let v e S™ (M*) 


u* P e ^ Vt P ) an d thus 


{M P }, 

P) 


Then 


^/{M p } (u * Qqi M p} 


{Ap} 


{Ap} 


u * g ft n(x)(p(x)dx = / g f ,n(x)u * (fi(x)dx 


~ X[ kp) (gf,n,U* ip) X , 


(fcp) 


The right hand side tends to x’ (k ) (/, h*p>)x {kp) where we used the same notation 
for / £ X' (r ^ and its restriction to X( kp ). Now, observe that 


Xh ^ x [ k J^ U< < X -^ x ^) =x[ k Jf’ T * j:i )x {kp y 

is well defined function which we denote by Ff. By the estimates for ||T fe ||y (; ) } 

it follows that there exists C' such that \Ft(x)\ < C'll/Hx' e B ‘p^\ More- 
over, by (12.51) it follows that Ff is continuous. Hence {Ff \ f £ B} C L°% D 
C(R d ) and {Ff\f £ B} is bounded in L°° Bl Moreover, for each / £ B, 
U * g f ,n(x) = x' (kp) {gf,n,T x u} X(kp) and thus u * g f . n -> F f in L °% h(M) hence 
also in Hence ( f,u(x — •)) is exactly the image of / under the 

transpose of the mapping ip (->■ u * ip, —>■ X( kp y Now, clearly 

P(D)(u * gf pi )(x) —> P(D)((f,u(x — •))) in S^A(M d ), w hi c h completes the 
proof of the proposition. □ 


Remark 2.6. From the proof of this proposition it is clear that the numbers k 
and l in the Beurling case can be chosen arbitrary large (resp. the sequence 
( k p ), ( l p ) £ 94 in the Roumieu case can be chosen arbitrary small) in the 
following sense: 

Given t > 0 (resp. ( t p ) £ 94) one can choose the numbers k and l (resp. 
the sequences ( k p ), ( l p ) £ 94) such that t < k < l (resp. ( l p ) < ( k p ) < ( t p )). 

Lemma 2.7. Let B C iSj*(R d ). The following are equivalent: 
i) B is bounded in d>j*(M d ); 
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ii) for each ip G S( (R d ) ; {/ * p>\ f G B} is bounded in £[*(M d ); 
in) for each p> G <S|(M d ) there exist t,C > 0 (resp. (t p ) G 91 and C > 0) 
such that \(f * <p)(x)\ < Ce^hM) (resp. \(f * <p)(x)\ < Ce Bt p^), for 
all x 6K J , / G B; 

iv ) there exist C,t > 0 (resp. there exist (t p ) G 91 and C > 0) such that 
I(/ * <^)0)| < Ce AWxl) a t (ip) (resp. |(/ * ^)(x)| < C , e Bt p (|x|) a (tp) (< / 9)) . 
for all (p G x G M d , f & B. 


Proof. The implication i) =>■ ii) is trivial. To prove ii) =>■ Hi) suppose that 
ii) holds. For f E B denote by G/ the bilinear mapping defined by (<p,if) M- 
(/, (p * if), 5 t *(R d ) x iS^(R rf ) —> C. Clearly Gf is continuous. Moreover, for 
fixed <p G <Sq (IR d ), by assumption, the set {f *(p\ f G B} is bounded in <Sj*(M d ), 
hence equicontinuous (<S]*(M d ) is barrelled), so the mappings if H > Gf(ip, if) = 
(f * ip, if), f G B, are equicontinuous subset of C (<S£(]R d ), C). An analogous 
conclusion holds for the set of mappings p> (->• Gf(<p,if) = (f * if,ip), f G B, 
when if G dq(M d ) is fixed. Thus {Gf\f G B} is separately equicontinuous 

set. As S^^(R d ) is an (F)-space (resp. iS|^^(M d ) is a barrelled ( DF)- 
space), [21, Theorem 2, p. 158] (resp. [21, Theorem 11, p. 161]) implies that 
{Gf | / G B} is equicontinuous. We will continue the proof in the Roumicu 
case. The Beurling case is similar. For (t p ) G 91, denote by X(t p ) the closure 

of S\^l (M. d ) in . The equicontinuity of {Gf\ f G B} implies that there 

exist (r p ) G 91 and C > 0, such that \Gf(<p,if)\ < Ca^ rp )(p>)a^ rp )(if) for all 
/ G B. Now, for y G S^^(M d ), we have 

(2.6) \(f *<P**l>,x)\ = \Gf(<p,X*i’)\<Ca {rp] {(p)a {rp) (x*if) 

(2-7) < C , 1 0- ( r J ,)Mo- ( r p/ 2)(^)||xlUi fl f| n 

e "rp/2lHJ 

Since (R d ) is dense in L l B ^ /2(M) we obtain that the bilinear mappings 

Tf:(tp,if)^f*tp*if, S x (S|^ p ^(R d ) —> L°° Br /2(M ), are well defined and 

continuous and the set {Tf\ f G B} is equicontinuous. Set r p = r p / 2, p G Z + 
and denote by Y[ r /) the space L°% /(M) . The estimate (12.7j) implies that Tf can 

p e r P 

be extended by continuity to X( r ' p ) x Xp/j and if we denote this extensions by 
Tf we have 


(2.8) \\f f ((p,ff)\\ Y{rl) 


< C^^a^if), 


V<P,if G X {r , p)l V/ G B. 


For p> G (M d ) denote by Ff jtp the C°° function / * tp. We prove that 

for each (p G (M d ), B p = {/ * tp\ f g B} is a bounded subset of Yjyg. 

By assumption, B p is bounded in (S^^^(M d ). Hence Proposition 12.51 implies 
that there exist (l p ), (k p ) G 91 with (l p ) < (k p ) such that Ff t¥> can be extended 
to A"( fcp ), C X( kp) , the convolution is a continuous bilinear mapping 
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from x to X( kp ) and there exists u E X^ and P(D) of class 

{M p } such that P(D)u = <5 and Ff jip = P(D)(u * Ff j¥> ), where u * Ff^ is 
the transpose of the continuous mapping if H > u * tp, <sj 4 ^ (W 1 ) —> X( kp y Of 
course, we can assume that (k p ) < (r' p ). Since is dense in X( ip ), 

there exist u n E n E Z+, such that u n —> u in Xy p y Since * : 

S A P P §") x S A p P ,t) ^ is continuous ’ 

(Tf(u n , (p),1p)= X’ (kp) {Ff,ip, Un * $)x ihp) x> (kp) (F flV » u * ip)x (kp) = {u * Ff tlfi , if) 

for all if E S\^(R d ). On the other hand, Tf(u n , p ) —> Tf{u , ip) in hence 
also in S'^y *(M d ). Thus Tf(u,p) = u * Ff t p which in turn implies Ff tV> = 
P(D)(Tf(u,(p)). For {u n } ne z + as before, observe that P(D)(Tf(u n ,p )) = 
Tf(u n , P(D)p). The right hand side tends to Tf(u, P(D)<p) and consequently 
Ff,v = T f (u,P(D)ip). Now (USD implies \\F f J\ Y(r , p) < C 1 a ir > p) (u)a^ p )(P(D)p), 

i.e., Bp is bounded in Yjv^ for each p E But the elements of 

Bp are continuous functions hence Hi) holds. Next we prove Hi) =>• i). Fix 
(p E S( (M d ). Since f * p is continuous, \(f,p)\ = \ f * <^(0)| < C for all f E B, 
i.e., B is weakly bounded in and thus also strongly bounded. 

iv) =>■ Hi) is trivial. To prove i) =$■ iv), observe that since B is bounded 
in d>|*(M d ) it is equicontinuous (<Sj(M d ) is barrelled). We give the proof in the 
Roumieu case, the Beurling case is similar. There exist (r p ) E and C' > 0 
such that |(/, tp>)\ < C'a {rp) (<p) for all p E f E B. Let (t p ) = (r p /2). 

Then 

e B r P (\y\) < 2e Br p^ x ~ y ^e Brp< ' 2 ^' > = 2e Btp ^ x ~ y ^ e Btp ^. 


We have 

\ e Br p(.\ y \) D a p(x — y) 

\f*p(x)\ = |(/, p(x — -))| < C sup sup - , , - 

« y M a n ; =, rj 

for all x 5 { { ^ p} (M d ), f E B. 


< Ce B ^a {tp) (p) 
□ 


It is interesting to note that the property iv) turns out to characterize the 
space <Sj*( R d ). 


Corollary 2.8. Let f e S'$ P \^ d ) (resp. f E S^ p} (M d )j. Then f E S\* (M d ) 
if and only if there exists t > 0 (resp. there exists (t p ) E fR) such that for every 
v £ S^’\R d ) (resp. p £ sffiiR")) 

sup e ~ A ^ x ^\(/ * </?)(x)| < oo f resp. sup e ~ Btp ^ x ^\(/ * p){x)\ < oo j . 

iGR d V a;GR d / 


Proof. The direct implication follows by Lemma 12.71 We prove the converse 
implication only in the Roumieu case, as the Beurling case is similar. For 
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(r p ) G 91, denote by < 7 ( rp ) the norm on to distinguish it from the norm 

cr( rp ) on . Also, for brevity in notation, we denote by X( rp ) the closure 

of (R d ) in S^ p ^ p \ Let Gf be the continuous mapping p ha / * ip, 

By assumption, the image of Gf is contained in 
L- p(H) (M d ). Since the latter space is continuously injected into 
the graph of Gf considered as a mapping from (R d ) to L°% t ^. n (R d ) is 

closed. As is barreled and L°^ (M) (M fi ) is a (-B)-space hence a Ptak 

space (cf. [33j Sect. IV. 8 , p. 162]) the Ptak closed graph theorem (cf. [33;, 
Thin. 8.5, p. 166]) implies that Gf : Sl^(W l ) —y L°% tp(l . n (R d ) is continuous. 
Thus, there exist (r p ) G 91 and C > 0 such that \\f * p\\ Lao < Ca( r )(cp), 

e S ip( i-l) 

i.e., Gf can be extended to a continuous mapping Gf from X( rp ) to L°% 

For / G S'^ p} (R d ) find (k p ), (l p ) G 91 with (l p ) < (k p ), u G Xq p ) and P(D) 
of class {M p } as in Proposition 12.51 Then P(D)(u * f) — f in 
where / is the extension of / to X( kp y Of course, we can take (k p ) < (r p ). 
Then u*f = G f (u ) G L“ tp(M) C Sj { JJ } (M d ). As P(D) is of class {M p }, 
/ = p(D)( !1 */)e5;<"j>(r). □ 

2.3. Nuclearity. We shall now establish the nuclearity of 5]*(R d ). We first 
need to introduce some notation. Given a positive function T G (7(R d ) and 
k G N we denote as C|(R d ) the .B-space of all fc-times continuously differen¬ 
tiable functions for which the norm ||(p||^ )fe = sup ||'L.D Q <p|| LOO , Rd . ) is finite. 

|a|<fc 

Let I = (—1, l) d and denote by Cj’(R d ) the space of all fc-times continu¬ 
ously differentiable periodic functions with period I. Equipped with the norm 
sup| a |< fe H-D^Vll Z/°° (I) it becomes a (-B)-space. We denote by Cl°°( R d ) the (B)- 
space of all bounded continuous functions on R d with the supremum norm. 
Finally, we also employ the notation (x) = (1 + |x| 2 ) 1//2 . 

Lemma 2.9. Suppose that lim| a .|_ |h 00 (a:)- ? /T(a;) = 0, for all j G Z+. Then, the 
inclusion mapping C^ + 1 (R d ) —> Cx°o(R d ) is nuclear. 

Proof. Consider the function / : (—1,1) —> R, defined by f(t) = (1 — t) _1 — 
(1 + 1) -1 . It is a diffeomorphism between (—1,1) and R with inverse / _1 (f) = 
(( t) — 1 )/t (notice that f^ 1 is analytic on a strip along the real axis since 
the singularity at 0 is removable). Denote by g : I —» R d the mapping 
g{x) = (f(xi),...,f(xd))- It is a diffeomorphism between I and R d with in¬ 
verse g~\y ) = (((yi) - l)/y u ..., ((y d ) - 1 )/y d ). For p G C^ +1 (R d ) consider 
the function p o g. Clearly it is an element of C d+1 (I). For s G we denote 
D K g(x ) = (D K1 f(xi ),..., D Kd f(x d )). Using the Faa di Bruno formula (see P 
Theorem 2.1]) one can see that for |a| < d + 1, D a (p o g)(x) is a finite sum 
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of terms of the form const. ■ (D^ip) o g(x) 


j= 1 


D^g{x 


, 0 ) 


'yti) — t/U) — 0 for 1 < j < | a | — s and 7^ 7^ 0 7^ for 

M M 


where \fd\ < |a|, 
a\ — s + 1 < j < |a| 


and = /3 and \ 7^ = a (as in [3J, Theorem 2.1] we set 0° = 1). 

i=i i=i 

Now, observe that f^ k \t ) = k\ ((1 — + (—l) fc+1 (l + t) _fc_1 ). For x G I, 

let Uj = f(xj), j = 1, d. Since 


lim I 1 

Vj-* 0 


(l/j) ~ 1 

Vi 


-1 


= 1 and lim ( 1 + 
%->■ 0 


(2/j) ~ 1 

% 


-1 


= 1 


there exists 0 < e < 1 such that for \yj\ < e, j = 1, d, 

M < 2 and M 


< 2 . 


\yj-{yj) + l \ \yj + fa) ~ !| 

For yj > e we have |y,- - (y,) + 1| = yj+l-(yj) > e/(2(y,)) and 1% + (%■) - 1| > 
c. Similarly, for yj < —e, we have \y 3 — ( yj) + 1| > e and \yj + (y^) — 1| > 
e/{2{y.j)). Thus, for k G Z + , 


l%f 


< c fc ( % ) 2fc and 




1 % -(%) + if “ l% + (%)-l| fe 

for all yj G M, where c = 2(1 + e -1 ). We obtain 

k\\yj\ k+1 


< c k (yj) 


2k 


|fc+l 


ifW fa oi<_tM_+ 

3 I yj - (yj) + !| fc+1 I yj + (yj) - !| fc+1 


< 2 c k+1 k\(yj) 2{k+1) . 


Now, we estimate as follows 


a 


/ (il \ 


a 



(D-' b g(x)) 

< Ci ' 


3= 

1 

\ / 

1 

=1 


V U)„0) 1 n„0) 


2I7O 11 i/O) I +21 i/O') I 


1=1 


= Ci(y) 2|Q|+2|/31 < C'i(y) 4(d+1) . 


Hence 


sup ||.D“(po0)|| i oo (I) 

|a|<d+l 

(2.9) < C 2 sup sup |(y) 4(d+1) Z7V(y)| < C 3 ||^||^+i. 

|a[<d+l y£ R d 

Let x G I and set y = g(x). If Xj > 0 then 

\1-Xj\~ 1 < \f(xj)\ + |1 + x j \~ 1 < \yj\ + 1 < 2(j/ i ). 

If Xj < 0, clearly |1 — Xj\ < 1 < 2 (yj). Similarly, |1 + ay| _1 < 2 (yj). Thus, 
denoting 1 = (1, ...,1) G M d , for /3,y G hxed, by the above estimates we 
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have 

< C 4 sup sup \(y)^ d+1 ^\ + \^D a (f(y)\ 

|o|<ci+l yeM d 

< CsIMI’m+i- 

For 0 < l < 1 denote I; = (—1, l) d . The above estimate implies that for each 
/3 ,7 G and e > 0 there exists 0 < l < 1 such that 

sup sup \(1 — x) -13 (1 + x) -1 D a (p o g)(x)\ < e. 

Hence p o g can be extended to a periodic function on R d with period I and 
this extension is an element of C^ + 1 (R^). Thus, the mapping T which maps 
p G C^ +1 (Ry) to the periodic extension of pog with period I is well defined as 
a mapping from C^ + 1 (R^) into C^ +1 (R d ). Moreover, by 02.9|) . it is continuous. 

Next, by using a similar technique as in the proof of [16, Lemma 2.3], one 
shows that the inclusion mapping C^ + 1 (R d ) —>■ Cj (R d ) is nuclear. Denote by 
T the mapping p H» p o g~ l 1 C'j(R d ) —> Cl°°( R d ). To prove that it is well 
defined and continuous, observe that p o g _1 is continuous and 

\<p ° 9~\y )I = \<p (((yi) - i)M, •••, ({yd) - i)/yd)\ < IMU-co 

for all y G R d . 

Now, notice that the inclusion mapping t : (7^ + 1 (R d ) —» Cl°°( R d ) can be 

decomposed as C^ + 1 (R d ) C'j + 1 (R a! ) -4- Cj(R d ) C£<x>(R d ), which, by the 

above observation, proves its nuclearity. □ 

In the rest of this subsection, we are interested in the special case T (x) = 
e A (h\x |), /i > (). We recall ( [271 Definition 3.2.3, p. 56]) that a continuous 
mapping T : E —>■ F, E and F being norrned spaces, is called quasi-nuclear if 
there exists a sequence of functionals G E', j G Z + , such that JT ||x'-||e/ < 
oo and ||T(x)||i? < \{ x ji x )\ f° r x G E, as well as ([27, Theorem 3.3.2, p. 
62]) that the composition of two quasi-nuclear mappings is nuclear. 

Proposition 2.10. We have: 

i ) For every h > 0 there exists h\ > h such that the inclusion mapping 

s-*Adp.hi ftA/I-p .h, • 7 

S A *M S A p ,h nuclear. 

ii) For every h > 0 there exists h\ < h such that the inclusion mapping 

^Mp,h • 7 

S A p ,h S a ‘m m nuclear. 

Proof. For h > 0 we denote by X h the space . Since the inclusion X hl —> 
Xh (resp. Xh —> WiJ, is the composition of two inclusions of the same type, 
it is enough to prove that it is quasi-nuclear. For ease of writing, set Y/,. = 
C% H) (R d ). We first need to construct F G C' d+ 1 (R d ) such that 


sup sup 

|a|<d+l iGl 


D a (pog)(x ) 


(1 -xY(l + x)i 


( 2 . 10 ) 


c 1 e A d*D < \F(x)\ < C ie A ^\ x G R d . 
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and 

(2.11) \D a F(x)\ < C ie A ^ xl \ xeR d , |a| <d + l. 

Indeed, choose a even non-negative </> G V(R d ) and set F(x) = ( cj)*e A ^ ' ^)(x); 
then, from the elementary inequality e j4( ' p+A - ) < 2e A( ' 2p ' ) e A ^ 2X \ we obtain (12.101) 

and (12.lip with c\ = (1/2) f (j)(y)e~ A ^ y ^dy and C\ = 2 max f \D a <p(y)\e A ^ v ^dy. 

J Rd n<d+lJ R d 

Let h > 0. For the proof of i) define Fh(z) = F(hz), resp. for the proof of 

ii) define F h {z) = F(hz/(AH)). Then de A ^ x ^ < \F h (x)\ < Cie A ^ 4h ^\ resp. 

Cie A ( h \x\/{4H)) < | F/i ( x )| < (j ie M h \x\/H) an( j f|2,lip implies (for \a\ < d + 1) 


( 2 . 12 ) \D a F h {x)\ < C , 1 /r H e A(4hN) , resp. \D a F h (x)\ < C x 


h \ |a| 

JL ) p A(h\*\/H) 

AH 


First we prove i). Take h\ = AHh. We prove that the inclusion X hl —> X h 
is quasi-nuclear. By Lemma 12.91 there exists Sj G , j G Z + , such that 
E 7 INk < 00 and Xj e C L °o(M d ), j G Z+, with ||xj||i,<»(r<*) < 1 for all 


j G Z+, such that for every ^ G Y2/1, ^(t) = ^ ■ Sj(^)xj(x). Let p G . For 
each a G N d , F h D a p G F 2 /i- Indeed, for \/3\ < d + 1, by (12.121) . we have 

\ e A( 2 h\x\) D p (F h {x)D a ip{x))\ 

< (^\e A{ - 2h ^ \D^F h (x)\ \D a+1 tp(x) | 

VT/ 


7</3 

< |b« + >(i)| < Caiiviu,., xi ^ M< 


7 


0+7 


7/ h'l 


M+M 


1<P 7 </? 

< c a (i/(ih)pM a Mx hl , 

where, in the third inequality, we have used e 2A ( ih \ x \) < CQe A ^ AHh ^ = coe" 4 ^ 1 ^^ 
(which follows from (M.2) for A p \ see [16, Proposition 3.6]). Observe that 


< C 0 IIFjDVH, 


3 = 1 


Denote by T a j the linear functional on X hl defined by T a j(p) = C 0 h^Sj(F h D a p)/M a 
Observe that 


\T a j(p)\ < C 0 


h^WSjttYl 




2h ■ sup || e A(2h\.\) D P ( F h D°p)\ 
\P\<d+l 


L°° 


< C'e- 


4 l«l 


Hence UTajH^/ < CqA l“l|| 1 S'j||y^ . We conclude JT a ||T q j|| Y , < 00 and 
together with the inequality 




h\°\ ||e A(/l| ' l) D Q ( / 9 | 


L°° 


M n 


W 

a 


C 0 h H \\F h D a p\\ Laa(Rd) 


M n 
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< ^2\ T a,j(v)\, 

j,a 

proves the desired quasi-nuclearity. 

For ii ), take hi = h/{AH ) and show that the inclusion X h —> X hl is 
quasi-nuclear. By Lemma 12.91 there exists Sj G YFj 2H y j G Z + , such that 

Ej IIEII^ /(2W) < 00 and Xj e C Z/ oc(M d ), j G Z+, with ||Xj|| L oo (ffid) < 1 for all 
j G Z + , such that for every if G Y h /^H), if(x) = E? Sj{if)x( x )- Let ip G X/,,. 
Similarly as above, one proves that for a,/3 G N d , such that |/3| < d+ 1, 

| e A(fc|*|/(2fl))^( FA ( a; ) D a ¥ ,( a .))| < C''(H// i )l Q lM Q ||^|U,. 

Thus, for each a G N d , FhD a tp G Yh/( 2 H)- Observe that 


\ e Xhi\-\) D a\ 


J=1 


Set T aj ((p) = Coh^Sj(FhD a ip)/M a . Similarly as above one verifies that 
\\Ta,j\\x' h < C '4 4_|a| ||^l|v' , i-e., Ej,a ll T «Jx! < 00 and IMUft, < E j,a \ T a,j(<P)\ 


which proves the quasi nuclearity of the inclusion X h —> X ft] . 


□ 


In particular we obtain: 

Proposition 2.11. The space is nuclear. 

Since S^^(R d ) is an (FW)-space (Frechet nuclear) and Sj^(R d ) is a 
(DFW)-space, d>j*(M d ) is also nuclear. As a consequence of the nuclearity 
of «Sj(R d ) we have the following proposition. We will often tacitly apply it 
through the rest of the article. 

Proposition 2.12. The following canonical isomorphisms of l.c.s. holds: 
5f(M dl+d2 ) = S t *(M dl )®<S t *(M d2 ) ^ C b (S\*(R dl ),Sf(R d2 )) , 

S\*(R dl+d2 ) = S\*(R dl )®S\*(R d2 ) = C b (5 t *(R dl ),5(*(M d2 )) . 

Proof. For brevity in the notation set d = d\ + d 2 - If we prove the den¬ 
sity of iS|(M dl ) <g) Sj (M d2 ) in <S|(M d ) the rest of the proof is analogous to the 
proof of [ 32 , Proposition 2], Let if G For {Xn}nez+ Q and 

{Xn}n£ il+ Y Sf (Km 2 ) as in ii) of Lemma [2.41 with a similar argument as in the 
proof of Lemma 12.41 one readily verifies that (Xn ® Xn) * if —>■ if in iS|(M d ). 
Hence it is enough to prove that for arbitrary but fixed 0j G Sj ), j — 1,2, 
( 9i ® 6 * 2 ) * if can be approximated by elements of Sj* (M dl ) fg) <5^* (M d2 ). We 
give the proof for the Roumieu case, as the Beurling case is is similar. Set 
6 — 6\ ® 6 2 . Let £ > 0 and (r p ) G 91. Denote (k p ) = (r p / 2). Since "D(M d ) 
is dense in L 1 Bk (N) (M d ) and V(R dl ) <g)D(M d2 ) is dense in V(R d ) there exists 
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g E V(R dl ) <g) V(R d2 ) such that \\ip — g\\ L i < e/(2 cq*; )(#)). One eas- 

ily verifies that 9 * g E cS|'^ (R dl ) <g) By using the inequality 

e Br p(p+ x ) < 2e Brp ( 2p ^e Brp ( 2> '\ p, X > 0, we have e^nhhl) < 2e Bkp ^ x ~ y ^ e Bkp ^\ 
Vx,y E R d . Thus 


| D a (9 * i/i — 9 * g) (x )| e B n>(N) 


< 2 


M a R a 

f \D a 9(x~y)\e Bkp{x ~ y) 

./rod .\ / ( , li ,■ 


■ 1-0(2/) - g(y)\e Bkp{M) dy < 


£. 


□ 


Remark 2.13. As inspection in its proof shows, Proposition 12.101 land hence 
Propositions 12.1 H and 12.12|) remains valid if we merely assume that A p satisfies 
(M. 1) and (M. 2), while for M p we only need to impose (M. 1) and (M. 2'), 
namely, stability under differential operators (cf. |16j). 


3. Translation-invariant spaces of ultradistributions 

This section collects and explains various results about some classes of 
translation-invariant spaces of ultradistributions that we shall apply in the next 
two sections in our study of the convolution. See [8] for the non-quasianalytic 
case and [9] for the quasianalytic one (see also [7] for the distribution case). 
We employ the notation T h for the translation operator T^g — g( - +h), h E R d . 

3.1. Translation-invariant Banach spaces of ultradistribution. We start 
by defining the following class of Banach spaces: 

Definition 3.1. A (H)-space E is said to be a translation-invariant (H)-space 
of ultradistributions of class * — f if it satisfies the following three axioms: 

(I) S t *(M d ) -A E -A S|*(M d ). 

(II) Th(E) C E for each h E R d (i.e., E is translation-invariant). 

(Ill) There exist r, C > 0 (for every r > 0 there exists C > 0), such thalQ 

(3.1) u{h) := \\T„ h \\ c(E) < Ce A ^\ 

The function uj : R d —» (0, oo ) is called the weight (or growth) function of E. 

These axioms imply the following important property: 

(II) The mappings h K > T^g are continuous for each g E E, 

i.e., the translation group of A is a Co-group; moreover, E is separable. 

In the rest of the section we assume that E and u ; are as in Definition 13.1[ 
It should be noticed that the weight function of E is measurable, o;(0) = 1, 
and logo; is subadditive. We associate to E the Beurling algebra L^, this 
convolution algebra is very important to understand the properties of E. The 

1 Applying the closed graph theorem, the axioms (I) and (II) yield Th G T(E) for every 
h € K d , see [5] Lemma 3.1] 
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next proposition collects some useful results from [9] concerning the natural 
convolution structure on E. 


Proposition 3.2 ([9]). The (B)-space E satisfies: 

a) The convolution mapping (R d ) x (M d ) —> dq(M d ) extends as a con- 
tinous bilinear mapping Lfx E —>■ E so that E becomes a Banach module over 
the Beurling algebra Lf, i.e., ||m*(/||.e < IMIgwIMU- 



n G Z + . Then, lim \\g — Xn * 9\\e — 0. 

n—>oo 

The dual space E' carries a convolution structure as well. Indeed, we 
can associate the Beurling algebra Lf to E' (here co(x) = u(—x )) and the 
convolution of f E E' and u E Ll is defined via transposition: ( u * /, g) := 
(f, u * g), g E E. The space E' then becomes a Banach module over Lf. 

It is important to notice that, in general, E' is not a translation-invariant 
(T>)-space of ultradistributions of class * — f. Indeed, the properties (I) and 
(II) may fail for E' (e.g., take E = L 1 ). 

We have introduced in EUEIE] the space E( — Lf* E'. Since the Beurling 
algebra Ll admits bounded approximation unities, it follows from the cele¬ 
brated Cohen-Hewitt factorization theorem [T5j that E( is actually a closed 
linear subspace of E'. Thus, E( inheres the Banach module structure over 
L\. The (L?)-space of ultradistributions E( possesses richer properties than 
E'; indeed, it satisfies (II) and (b) from Proposition 13.21 moreover, we have 
the explicit description [81, EJ E'* = {f E E' : lim^o || T h f — f\\ E t = 0}. When 
E is reflexive, we have proved EM that E' is also a translation-invariant Ba¬ 
nach space of ultradistributions of class * — f and in fact E' = E(. We now 
give some typical examples of E. 


Example 3.3. Let g be a ultrapolynomially bounded weight function of class 
f, that is, a continous function g : —)■ (0, oo) that fulfills the requirement 

g(x + h) < Cg(x)e A ^ h ^ for some C,r > 0, resp. for every r > 0 there 
exists C > 0). One clearly has that E = L? are translation-invariant Banach 
spaces of tempered ultradistributions for p 6 [l,oo). The case p = oo is an 
exception, because the properties (I) fails for In view of reflexivity, the 
space E( corresponding to E — L P r _ 1 is E( = E' = L whenever 1 < p < 
oo, where q is the conjugate index to p. On the other hand, E( = UC v := 
{ u G L™ : liui /,^0 || T h u — u 11oo,?? = 0} for E = L) r The weight function of 
is uj(K) = llT/j^Hoo^ for p G [l,oo), while that for is u (cf. [7j Prop. 10]). 
Another instance is E = C v where C v = {p G C(M d )| Yiva.\ [X \^. 00 (p(x)/g(x) = 0} 
with norm || • Hoo,^; in this case, one readily verifies that E( = L] r 

3.2. The spaces V* E and V'ff,. Following [8]|9], we introduce the test function 
space V* E as follows. Let 


V 


M p ,m _ 


= 1 <P G E 


D a (f e E,Wa e N d , 


m 


E:7n = sup 

aGN d 


\D a <p lb 


M n 


< oo 
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We define the (Hausdorff) l.c.s. 

(3.2) V [ E p) = Inn V E p ’ m , V { E Mp} = Inn V E P ' 

m—>-00 m—>• 0 


An important result from [8], 9] is the alternative description of the Roumieu 

case via the projective family of (R)-spaces 

(3.3) 

\\D a (p\\ E 

E,(r p ) = SUp 


V 


{M p },(r p ) 


= {tp G E 


D a ip G E, Va G IT, 


M. nHi r. 


< OO 


with (r p ) G 94; we have the (topological) equality V E Mp ^ = Km 2 >^ Mp }>bv). 

We recall some properties of V* E that are shown in [9j. We have shown 
that the elements of V E are actually of ultradifferentiable functions, namely, 
V* E C £*(M d ). I 11 fact, one has the dense embeddings <S|(M d ) V* E 

£*(R d ) tSj*(M d ). Clearly, ultradifferential operators of class * act continu¬ 
ously on V E . Furthermore, V* E is a topological algebra on L f under convolu¬ 
tion. Obviously, U ( ' E Ip ' > is an (F)-space and T>^ E Ip ^ is a barreled, bornological 
(-DF)-space. Moreover, V^ Ip ^ is complete and regular, i.e., every bounded set 
B in V^ E Ip ^ is bounded in some The S p ace j s reflexive if E is 

reflexive. 

The strong dual of V* E will be denoted as V E ,. Clearly, V E ^ is a complete 
(-DF)-space and V E AIp ^ is an (F)-space. When E is reflexive, we write V E , = 
V E ,* and 5j*(M d ) is dense in it. The notation V E ,* = (' D E )' is justihed by the 
next structural theorem from PJ. The spaces UC U and C u are those closed 
subspaces of Lff defined in Example 13.31 


Theorem 3.4 (Pj). Let B C 5(*(M d ). The following statements are equivalent: 

(i) B is a bounded subset of V E ,. 

(ii) For each ip G 5|(M d ), {f * ip\ f E B} is a bounded subset of E'. 

(Hi) For each ip G 5|(M d ), {/ * ip\ f G B} is a bounded subset of Ef 

(iv) There exists a bounded subset Bi of E' and an ultradifferential operator 
P(D ) of class * such that each f G B can be expressed as f = P(D)g 
with g E B 1 . 

(v) There exists B 2 C E( 0 UC U which is bounded in F( and in UC U and 
an ultradifferential operator P(D) of class * such that each f E B can 
be expressed as f = P(D)g with g E B 2 . Moreover, if E is reflexive, 
we may choose B 2 C F( D C u . 

We shall also need the ensuing characterization of precompact subsets of 
BCV'*^. 


Proposition 3.5. Let B C V E , . The following statements are equivalent: 
(i) B is precompact in V E ,. 
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(ii) There exists a precompact set Bi in E' and an ultradifferential operator 
P(D) of class * such that f = P(D)g for some g G B\. 

(in) There exists a set B 2 C E( D UC W which is precompact in E( and in 
UCu and an ultradifferential operator P(D) of class * such that each 
f G B is of the form f = P(D)g for some g G B 2 ; if E is reflexive one 
may choose B 2 C E( D C u . 

Proof. We consider the Roumieu case as the Beurling case is similar. Let 
(i) hold. For / G we define the linear operator t(f)(ip) — f * ip, 

S{^ P } (® d ) ~t E( (it is well defined by Theorem 13.41) . One easily verifies that 

t(f) is continuous and the mapping / i—» t(f), T>'^ Ip ^ —> Cb(S^ p y (W 1 ), E'f) is 
continuous (see the discussion after [9[ Corollary 4.11] for details). Since B is 
precompact, so is l(B). As (M d ) is barreled, l(B) is equicontinuous in 

Cb (M d ), E'^j . Hence there exists (r p ) G 91 such that the elements of t(B) 

can be extended to a bounded subset t(B) = {t(f) \ f G B} of Cb (X( rp p E'f). 
Let 0 be the family of all finite subsets of <S]*(M d ). Since <S|(M fi ) is dense in 
X( rp ), 0 is total in X^ and £© (X^,Ef) is a l.c.s. (the index 0 stands 
for the topology of uniform convergence on all sets in 0). The topology in¬ 
duced on l(B) by £© (X( rp ), E'f) is the same as the topology induced on it by 
C a (R. d ), E'^, hence t(B) is precompact in £© (Xf rp pE() (the inclusion 

Cb E (j —> C a ^cS|^(M rf ), E'^j is continuous). Now, the Banach- 

Steinhaus theorem |33, Theorem 4.5, p. 85] implies that t(B) is precompact 
in C p (X( rp ), E(). Pick now, (r' p ) G 91 with (r' p ) < (r p ) such that the inclusion 

X(r' p ) —> X( rp ) is compact. Then the inclusion C v (X( rp ),E'f) —> Cb ^X^,E'^j 

is continuous. Thus l(B) is precompact in Cb ^X( r p, E( j. Now one can use 
exactly the same technique as in the proof of (ii) =>■ (iv) of Theorem 13.41 to 
conclude (ii) and as in the proof of (ii) =>• (v) of Theorem 13.41 to conclude 
(Hi) (see (9J for details). The implications (ii) =>• (z) and (Hi) =>• (i) are 
obvious. □ 

We now specialized our discussion to weighted L p spaces of ultradistribu¬ 
tions. Let r] be a ultrapolynomially bounded weight function of class f (cf. 
Example 13.3j) . As usual, we write q for the conjugate index of p G [l,oo]. 
For 1 < q < oo, the choice E = L q x leads to the spaces T>%, 1 < p < oo. 
The latter spaces are reflexive. When q — 1, we make an exception in the 
notation and write (in analogy to Schwartz notation) B'* := T)[}c ri — (’Df 1 )'> 

the space of r/-bounded ultradistributions of class *. We set B* := V} : and 
Vf := (Pq)' = (B*)', the space of weighted r/-integrable ultradistributions of 
class *. 
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We can also introduce the space V* Lao as in ( 13 . 21 ) with Lff instead of E, 
but the reader should keep in mind that E = is not a translation-invariant 
(B)-space of ultradistributions of class f. Nevertheless, one can still show 
that ultradifferential operators act continuously on it, that the Roumieu case 
coincides (as set and as l.c.s.) with the projective limit of the spaces ( 13 . 3 |) 
defined with Lff instead of E, and that is regular and complete [9] - We 

have shown in [9] the following result: B* is (as l.c.s.) the closure of 5]*(M d ) in 
T>* l oo. (This assertion is non-trivial in the Roumieu case). We will make use of 
the following result in the next section. 

Theorem 3.6 (|9|). The strong bidual of B* is isomorphic to Pf™ as l.c.s.. 
Moreover Br^ is a distinguished (F) -space and consequently V'^ 1 ^ is barreled 
and bornological. 

4. £ PRODUCT OF B* WITH A SEQUENTIALLY COMPLETE L.C.S. 

We are now interested in the e product of B* with a sequentially complete 
l.c.s.. Here i] always stands for an ultrapolynomially bounded weight function 
of class f. We begin with the following general result. 

Proposition 4.1. Let E be a translation-invariant (B)-space of ultradistribu¬ 
tions of class * — (. The following assertions hold: 

i) if E possesses a Schauder basis then V* E satisfies the weak sequential 
approximation property; 

ii) E satisfies the weak approximation property if and only if V* E does it. 

Proof. To prove i), let {e n } ne z + be a normalized Schauder basis for E, i.e., 
for each e E E, there exists a unique sequence of complex number {t n } ne z + 
such that e = lim n _^o 0 ^™ =1 t n e n . The linear forms g n : e 4 („ form an 
equicontinuous subset of E' and e = 9n(e)e n converges uniformly on 

compact subsets of E (cf. [33, Theorem 9.6, p. 115]). Let Xm € £j*(K d ), 
m E Z + , be as in ii) of Lemma EH For m,n E Z + , define G m ,n £ E> e , ® V E 


by 


n 



Also, for each m E Z + , define G m : V* E — > V* E by G m (<p) = Xm * T- If we prove 
that for each m G Z + , G mtn G m and G m —> Id in since V* E is 

barreled, the Banach-Steinhaus theorem will imply that these convergence also 
hold in C c (V E ,V* E ) and i) will be proved. In fact, every weakly convergent 
sequence is weakly bounded hence equicontinuous since V* E is barreled and 
the Banach-Steinhaus theorem implies uniform convergence on precompact 
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subsets. Thus, fix m £ Z + and ip £ V* E . By a) of Proposition 13.21 


hW\\D<*G m! M-D a G m (v)l 

M n 


h^D c 


Xr, 


< c 


M a 

n 

E 

3 = 1 


-<P 

d =1 


Qn{jP)^n 


for each h > 0 (resp. for some h > 0), where C depends on y m ). Thus 


\\Gm,n{ , P) ~ G m (ip)^E,h < C 


^2g n {(p)e n ~ <p 

3 = 1 


—> 0, as n —> oo. 


It remains to prove y m * —)■ tp in for each 99 £ T>* E . We consider the 


Ronmien case; the Beurling case is similar. Fix ip £ T> 


{M P } 


There exists 


h > 0 such that y, tp £ x> E p ’ h and C = u h (x) < 00. Let 0 < hi < h be 
arbitrary but fixed. We will prove that || ip — ip * Xm\\E,h! 0. Let e > 0. 
Observe that there exists C\>1 such that ||y m ||i jW < Ci, Vm £ Z+. Choose 
Po £ Z + such that (hi/h) p < e/(2C2) for all p > p 0l p £ N, where C 2 = 
C\(l + > 1. By b) of Proposition 13.21 we can choose m 0 £ Z + such 

Observe that if |a| > po we have 

h[ al 


that || D a tp — D a (p * y m || E < e for all |a| < p 0 and all m > mo, m £ N. 


M n 


| D a p - D a ip * x- 


m || e — 


M„ I|£I “ vIIb+ M„ 


< 


M 


E,h + C'i ( — 


|q| 


E,h A 


< e. 


Hence, for m > m 0 , ||</? - </? * Xm|U,/u < e, so ip * x™, V 7 in and 

consequently also in V^ Ip \ Thus, i) holds. 

To prove ii), assume first that E satisfies the weak approximation property. 
Let Xm £ (R d ), m £ Z + , be as in ii) of Lemma 12.41 Since for each ip £ V E , 

Xm * <p ->■ <£> in T’e, if w e set G m : p y m * <^, G m : V E -A V* E , we have 
G m —> Id in (V* e ,V* e ). As D e is barreled, the Banach-Steinhaus theorem 
implies that the convergence holds in C P {T> E ,T> E ). Let B be a precompact 
subset of V E and V a neighborhood of zero in V E and consider the neigh¬ 
borhood of zero M(B,V) = {G £ C (V E , V* E ) \ G(B) C V} in C P {V* E ,V* E ). 
Pick a neighborhood of zero W in V E such that W + W C V. There exists 
m 0 £ Z+ such that G mo £ Id + M(B, W). By applying Proposition 13.21 a), one 
concludes that the mapping G mo : E —> V* E , G mo (e) = y mo * e, is well defined 
and continuous. Obviously, the restriction of G mo to V* E is exactly G mo . Pick 
a neighborhood of zero U in E such that G mo (U ) C W. Since the inclusion 
D e —> E is continuous, B is precompact in E and since E satisfies the weak 
approximation property, there exists S £ E' ®E such that S(e) — e £ U for all 
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e E B. Let S = YTj =1 Define G G <g)P^ by G = ]T)" =1 e' <8>G mo (ej). 

Then, for p G 5, we have 

G(^) - p 

= G(p) — G mo (ip) + G mo (p) — p 

= G mo - ^ + G mo M - p e G mo (U) + WQW + WQV, 

which proves that satisfies the weak approximation property. Conversely, 
let V* E satisfies the weak approximation property. Since V* E is continuously 
injected into E, if we prove that Id G £ C (E , E) is in the closure of the subspace 
C(E,V* e ) of £ C (E,E), [36] Proposition 2, p. 7] will imply that E also satisfies 
the weak approximation property. Let Xn £ G^(IR fi ), n G Z+, be as in ii) of 
Lemma 12.41 Define G n : E —> V* E , e hg Xn * e. Proposition 13.21 a) implies 
that G n is well defined and continuous for each n G Z + and c) from the same 
proposition verifies G n —> Id in £ f7 (E, E). Now, the Banach-Steinhaus theorem 
yields that the convergence also holds in £ C (E,E). □ 

Remark 4.2. Since L p (R d ), for 1 < p < oo and Go(M d ) have Schauder basis 
(cf. [37, Corollary 4.1.4, p. 112]) so do the spaces L p (R d ), for 1 < p < oo and 
Cri for some positive continuous ultrapolynomially bounded weight of class f 
since / (->• f/r], L p (R d ) —> L p (R d ), 1 < p < oo and / (->• fr /, G 0 —> C v , are 
isometric isomorphisms between the corresponding spaces. In particular, the 
above proposition is applicable when E is any of the aforementioned spaces. 

Remark 4.3. Enflo, in his seminal paper m, gave an example of a separable 
(-B)-space which does not possess the (weak) approximation property. Later 
Davie [4] and Szankowski m, using Enflo’s ideas, proved that l p has a closed 
subspace which does not have the approximation property for each p G [1,2) 
and p G (2, oo). It is an interesting problem to find out whether there exists 
a translation invariant (il)-space of ultradistributions which does not possess 
the (weak) approximation property. 

Since V E is complete, if F is sequentially complete, resp. quasi-complete, 
resp. complete, l.c.s. then the same holds for T>* E £F (cf. [18, Proposition 1.1], 
[361 Chapter I, p. 29]). By Proposition 14.11 if E has a Schauder basis and F is 
sequentially complete, resp. quasi-complete, then T>* E eF is canonically isomor¬ 
phic to the sequential closure, resp. bounding closure, of V* E ® e F in T>* e eF (cf. 

11~8. Proposition 1.4]) and if E satisfies the weak approximation property and 
F is complete then T>* E eF is canonically isomorphic to the closure of V E <g) e F 
in V* e £F (i.e., V* E ® e F). 

From now on we will be particularly interested in the case E = C v . Since 
C v has a Schauder basis, B* satisfies the weak sequential approximation prop¬ 


erty. Given (r p ) G 91, we write below R a 
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Lemma 4.4. 0 G B* if and only if E V* Loo and for every e > 0 and r > 0 
(resp. (r p ) E *R), there exists a compact set K C such that 

r M \D ar if(x)\ ( \D a 'if(x)\ 

sup sup - —— -< e, resp. sup sup 

aGN d xeM d \K V\ x ) M a \ a£N d xG«. d \K V\ x ) M aVC a 

Proof. Denote by F the subspace of V* Loa consisting of all such -0; F is closed. 
Let ip n E (M d ), n G Z + , be as in ii) of Lemma 1X41 For fixed 0 G F, similarly 
as in the proof of Lemma 12.41 one verifies that p n i/> G 5/(M d ) and (p n ip —y if 

in Proo. □ 

L v 



Lemma 4.5. B is a precompact subset of B* if and only if B is bounded in 
B* and for every e > 0 and r > 0 (resp. (r p ) G *R), there exists a compact set 
K C such that 


sup sup 

ip&B 

x£R d \K 


r l a l \D a p(x)\ 
r]( x )M a 


< e, 


( 

resp. 

\ 


sup sup 

tpeB a eN d 
x£R d \K 


\D a p(x)\ 

rj{x)M a R a 


\ 

< e 


Proof. =^. Let e > 0 and r > 0 (resp. (r p ) G 9i) and 
K = [/P G B { n Mp) | |MU~r < s/2} (resp. V (rp) = {V G |M|l~ p p ) 



There exist <pi,...,<p n G R such that for each p E B there exists j G {1, ..., n} 
with <p E<pj + V r (resp. p G Pj + V( r )). Let K CC such that 

r H \D a ipj(x)\ /(rj(x)M a ) < e/2 (resp. |£>‘fyj(a;)| /(q(x)M a R a ) < e/2), 

for all x G M d \/v, a G N d , j G {1, ...,n}. For p G B there exists j G {1, ...,n} 
such that \\p — <Pj\\L°°,r < s/2 (resp. ||<^ — <R/||z,“,(r p ) < s/2). The proof follows 
from 

r l Q l |L)“(^(a;)| \D a (p(x) — pj(x))\ r^ \D a pj(x)\ <e e 

rj(x)M a ~ rj(x)M a rj(x)M a ~ 2^ 2 

x G R d \K, a G N d , in the Beurling case; similarly \D a p(x)\ /{j](x)M a R a ) < e 
for all x G Mf\K , a G N c / in the Roumieu case. 

^=. Let V r (resp. V( rp )) be the neighborhood of zero defined as above but 
with e instead of e/2. Set k = 2r (resp. (k p ) = [r v / 2)). Since B is bounded, 
there exists C > 0 such that < C (resp. ||<^||L^,(fc p ) < C), for all 

p G B. Hence there exists p 0 G Z + such that for all p G R, x G M d , |a| > p 0 , 
r^\D a p(x)\/(rj(x)M a ) < e/2 (resp. \D a p{x)\/{r]{x)M a R a ) < e/2). For e/2 
and r (resp. (r p ) G 9d), pick a compact set K C M. d as in the condition of 
the lemma. Obviously, B is bounded in C°°(M d ) and since the latter space is 
Montel it must be precompact in C 00 (M a! ). Thus, there exists a finite subset 
Bq = {pi, <p n } °f B such that for each p G B there exists j G {1,..., n} such 
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that (rj is continuous and positive) 

r M | D a tp(x) — D a ipj(x )| 


(4.1) 


sup sup 

|c«!|<po x£K 


V (x)M a 



(4.2) 



sup sup 

H<po 


D a ip(x) — D a cpj(x) | 
V(x)M a R a 



For p> G B take p 3 G B 0 such that (14. ip (resp. (14.20 ) holds. When x G K and 
M > Po 

rl"l |D a </?(x) — -D a ^(x)| e e / |-D a </?(x) — D a (pj(x)\ \ 

rj(x)M a ~ 2 + 2 £ \ v resp ‘ r)(x)M a R a ~ £ ) ' 

If x G 1 R d \K and a G N d one similarly obtains r|Zl"<^(x) — _D a </?j(x)| /(' rj{x)M a ) < 
e (resp. | D a <p(x) — D a <p 3 (x)\/(g(x)M a R a ) < e). Hence <p G <pj + K (resp. 

<p G p>j + V( r )). The proof is complete. □ 


Since < -A C'°°(R d ), we have that £'(K d ) is continuously injected into 
D'n . We denote by D',j the dual of £>! equipped with the topology of compact 
convex circled convergence (which coincides with the topology of precompact 
convergence since B* is complete). The next lemma shows that B* satisfies the 
condition a) of [ 181 Theorem 1.12]. 


Lemma 4.6. The sequential closure of the set of measures with compact sup¬ 
port in D'n „ coincides with Vf\ . 

Proof. Let / G c - Let Xn £ 5/(M d ), n G Z+, be as in ii ) of Lemma 12.41 Pick 

a continuous function g with values in [0,1] such that supp g C {x G M d | |x| < 
1} and g(x) = 1 on {x G K d | |x| < 1/2}. For n G Z + , set g n (x) = g(x/n) 
and dehne G m>n (x) = g n (x)(Xm * f)(x) G C^R**) C (C'(M d )) / . Moreover, for 
m G Z + dehne G m {x ) = (Xm*f)(x) £ (cf. Theorem 13.41) . Since Xm*f —>■ / 
in D'/ (see the proof of i) of Proposition 14. Tl) and B* is barreled, the Banach- 
Steinhaus theorem yields */—>•/ in T>'fi . It remains to prove that for 
each m G Z+, G m n —> G m as n —> 00 in Vf\ Fix m G Z + and a precompact 

set H in B*. Let e > 0. By Lemma 14.51 there exists a compact set K C R d 
such that |<^(x)|/t 7 (x) < e/|| Xm * /||li for all x G ~R. d \K , tp B. Pick n 0 G Z + 
such that K C {x G R d | |x| < no/2}. Then for all n > no, g n (x) = 1 on K. 
Let <p G B. We have 

|(G m (x) - G m ,„(x),<p)| < [ (l - g n {x))\(xm * f)(x)\\ip{x)\dx 

JR d 

< f \(Xm * f)(x)\\(p(x)\dx < £, 

Jm d \K 

which proves the desired convergence. □ 
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Definition 4.7. Let F be a sequentially complete, resp. quasi-complete, resp. 
complete, l.c.s. We define £>*(R d ; F) to be the space of all F-valued smooth 
functions <p defined on W l such that: 

i) for each r > 0 (resp. (r p ) G 94) and each continuous seminorm q on F, 
we have 


Qr(<fi) = sup q 

x,a 


/ r Wp a (p(x) \ 
V r](x)M 0 J 


< oo 


resp. q(r p )(<p) = sup q 


( D a <p{x) \ 
\rj(x)M a R a ) 


< oo 


ii) for every e > 0, q a continuous seminorm on F and r > 0 (resp. 
(r p ) G 94), there exists a compact set K C R d such that 


sup sup q 

a€ xGR d \K 


/r^D a ip(x) \ 

V rj(x)M a J 


< £ 


( resp. sup sup q 

a€N d xeR d \K 


f D a (p(x) \ 
\r](x)M a R a J 



Equipped with the seminorms q r (resp. Q(r p )), where q varies through the 
continuous seminorms of F and r > 0 (resp. (r p ) G 94), F*(R d ; F) becomes a 
(Hausdorff) l.c.s.. 


5 


We need the following technical lemma. 


Lemma 4.8. Let G E* 


B r = 


r^D a cp(x) 


rj(x)M a 
is precompact in F 


a G N , x G 


d ]F). For each r > 0 (resp. (r p ) G 94/, the set 

D a <p(x) 


resp. B {rp) = 


rj(x)M a R 0 


a G N , x G 


Proof. Let r > 0 (resp. (r p ) G 94). Let qi,...,q n be continuous seminorms 
on F and e > 0 and fix a neighborhood of zero V = {/ G F\ qi(f) < 
£,..., q n (f) < e} in F. Let k = 2r (resp. (k p ) = (r p / 2)). Since <p G 
B*(R d ; F), there exists C > 0 such that q 3 (k^D a <p(x)/(r](x)M a )^ < C (resp. 
qj (D a ip(x)/(r)(x)M a K a )) < C ), for all a G N d , x G R d and j = 1 
Hence, there exists po G Z + such that qj (■ r^D a <p(x)/(r](x)M a )) < e/2 (resp. 
qj (D a cp(x) / (jj(x)M a R a )) < e/2), for all \a\ > p 0 , x G R d and j = 1 ,...,n. 
By condition ii) of Definition 14.71 there exists a compact set K C R d such 
that qj (r^D a ip(x)/(ri(x)M a )) < e/2 for all a G x G R d \K, j = 1,... ,n , 
in the Beurling case (resp. qj (D a cp(x)/(r](x)M a R a )) < e/2 for all a G N d , 
x G WL d \K, j = 1, ...,n, in the Roumieu case). Since D a <p/rj are continuous 
mappings from R d to F the set 


B r = 


-l Q l D a <p( 


x) 


r](x)M a 


a 


< po, x G K > resp. B [rp) = 


D a ip(x) 


rj(x)M a R 0 


|a| < po, x G K 


is compact in F . Thus, there exists a finite set B 0r C B r (resp. a finite 
set F 0i(rp ) C B {rp) ) such that B r C R 0 ,r + V (resp. B [rp) C 5 0i(rp) + V). 
Fix x 0 G R d \/l and |/4| > po and denote f 0 = r^Dh<p(x 0 )/(r)(x)Mp) G B r 
(resp. / 0 = D 0 <p(x o )/(r](x)MpRp) G _B( rp )). Let Ri, r = R 0 ,r U {/ 0 } (resp. 
5i,( rp ) = 5 0i ( rp )U{/ 0 }). We prove that B r C Ri jr +R (resp. B (rp) C Ri i(rp) +R), 
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which will complete the proof of the lemma. For x G R d \K and a G in 
the Beurling case, by construction 

Qj (r lal D Q ip(x)/(r](x)M a ) - /„) < qj ( r lal D a tp(x)/(r](x)M a )) + ^(/ 0 ) < £ 

for all j = 1 hence r^D a ip(x)/(p(x)M a ) G Bi >r + V. Similarly, in the 

Roumieu case, D a ip(x)/(r}(x)M a R a ) G B± r + V. If x G K and |a| > po one 
similarly obtains r^D a cp(x)/(r](x)M a )—f 0 G V (resp. D a qp(x)/(rj(x)M a R a ) — 
fo G V). When x G K and |a| < po, by construction there exists / G 
B 0r (resp. / G Bo( rp )) such that r^D a <p(x)/(r](x)M a ) — f G V (resp. 
D^(x)/(rj(x)M a R a )-feV). □ 

Proposition 4.9. Let F be a sequentially complete l.c.s.. The space B*(R d ; F) 
is isomorphic to B*eF as l.c.s.. 

Proof. We prove B*(R d \ F) = C e (^Ff B*^j. By Lemma [4761 and [T8 , Theorem 

1.12] the set (f' c1 B*^J is identified with the set of all g G C(R d ]F) such 
that: 

a) for any /' G F', the function (/',g(-)) is in B*(R d ); 

b ) for every equicontinuous set B in F', the set {(/', g(-))|/ / G B} is 
relatively compact in B*(R d ). 

Let <p G B*(R d -,F ) C C(R d -,F) and /' G F'. Then the function <p(x) = 
{f,ip(x)) is in and D a <p{x ) = (/', D a (p(x)). Since f G F\ there 

exists a continuous seminorm q on F and C > 0 such that |(/', f)\ < Cq(f ) 
for all / G F. For r > 0 (resp. (r p ) G 91) we have ||<p||i,“,r- < Cq r ((p) (resp. 
||(p|| L oo ( rp ) < Cq(r v )(ip)). Moreover, by condition ii) of Definition 14.71 one 
readily checks that for every £ > 0 and every r > 0 (resp. (r p ) G 91), there 
exists a compact set K C such that 

r M \D a <p(x)\ ( 

sup sup --———-< £ resp. sup sup 

aeN d xm d \K V{ x )M a \ a£N d x£R d \K 

Thus Lemma 14.41 implies that a) holds for c p. To prove b), let FI be an 
equicontinuous set in F'. Of course, we can assume that H = U° (U° stands 
for the polar of U) for a convex circled closed neighborhood of zero U = 
{/ e F\q l (f) < 1,..., q n (f) < 1} in F. For /' G H, let (p/>(■) = (/', ¥?(■))■ 
We prove that the set <h = {pplf G H} is precompact in B* and hence 
relatively compact as B* is complete. For r > 0 (resp. (r p ) G 91) the 
set B r = {r^D a ip(x)/ (p(x)M a ) \ x G M d , a G N d } (resp. the set B( rp ) = 
{D a ip(x)/ ( r](x)M a R a ) \x G R d , a G N d }) is bounded in F (in fact it is pre¬ 
compact by Lemma 14.81) . hence sup ||^/'||L°°,r < oo (resp. sup ||<^/'|| £oo (Tp ) < 

f’&H f'eH 

oo). Thus $ is bounded in B*. For r > 0 (resp. (r p ) G 91) and £ > 0 the 
condition ii) of Definition 14.71 implies that there exists a compact set K C R d 


\D a p{x )| < £ 
p(x)M a R a ~ 
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such that 


sup sup q.j 

aeN d xGR d \K 


/ r^D a if(x) \ 
V r](x)M a ) 


< e 


( resp. sup sup qj 

aGN d x£M. d \K 


f D a v(x) \ 

\r)(x)M a R a J 



for all j G {1, Since H = U°, we have 


sup sup sup 

f'&H Q £N d x£R d \K 


r l«l \D a ifif(x)\ 
r](x)M a 


< £ 


\D tpf(x)\ 

resp. sup sup sup 

f'£H a eN d xgR d \K V{ x ) M a^a 



Thus, Lemma 14.51 implies $ is precompact in B*. Conversely, for G G C e yF{., B* 

let g G C(M d ; F) be the function which satisfies a) and b ) that generates G, i.e., 
G(f)(-) = (/', g(-)), f G F' c . We have to prove that g G B*(R d ;F). Denote 
by gy the function x (->• (/', g(-)), K d —> C. Since gy G B*(R d ) C C°°(M d ) for 
each f G F', it follows that g G C°°(M d ; F) (cf. [3l| Appendix, Lemma II] and 
the remark after it). Let q be a continuous seminorm on F and r > 0 (resp. 
(r p ) G 9t). Let U = {/ G F| q(f) < 1}. Then B = U° is equicontinuous subset 
of F'. Thus, by b), {gy\ f G B} is precompact in B* and by Lemma 14.51 using 
B° — U (U is convex, circled and closed), one easily verifies that g satisfies 
the conditions of Definition 14.71 i.e., g G >B*(M , F). We obtain that the linear 

mapping <p G v , B*(R d ;F) ->• C e (V c ', B*), where G v (f) = (/',¥>(•)), is a 
bijection. It remains to prove that it is a topological isomorphism. 

To prove that it is continuous, let B be equicontinuous subset of F' and 

= jV’ £ Bi 1 Mp ' > | ||-0|U-, r < £ j a neighborhood of zero in Bi 1 Mp ' > and V(r v ),e = 

j-0 G By M “^ | HV’IU^ypp) < a neighborhood of zero in Br : Mp \ Consider the 
neighborhoods of zero 

M(B,V v ) = jCf£ (KXi’- , £j Ci/i] C V', | in£ e (F c ',B< M »>) and 

= {Ge£(y.Bl"»l)|G(B)CV (M , e } in C, (f', . 

Of course, without losing generality, we can assume that B = U° for a convex 
circled closed neighborhood of zero U — {/ G F\qi(f) < l,...,q n (f) < 1} in 
F. Consider the neighborhoods of zero 


W r , e 


il> G B^\M. d -F) 
il> G B^ } (R d ]F) 


sup Qj 

a,x 


sup 

a.x 


/r^D a ^(x) \ 
V rj(x)M a ) 
f D a/ ip(x) \ 
V7Kz)M Q iw 


< e, J 

< O J 



and 



) 


in B ( l i' f ' p ' > (R d : F) and Bjj Mp ^(M. d -,F) respectively. Then, for <p G W r . £ we have 
r^D a ip(x)/(rj(x)M a ) G £U for all a G x G (resp. for G W( rp ) >e we 
have D a ip{x)/(rj(x)M a R a ) G eU for all a G a; G M d ). Thus G^(f') G 
(resp. G v (f) G V( r ) ]£ ), for all f E B which proves the continuity of 
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ip \ — y G v . Conversely, for the neighborhoods of zero W r _ £ in Br^ Ip \R d ]F) 
and bb( rp ) ie in Bl Mp \R d ] F), where W Ty£ and hh(r p ),e are defined as above, con¬ 
sider the neighborhoods of zero M(B, V rjE ) in C e ^F c ', Bl 1 Mp ^ and M(B , V( Tp ^ E ) 

in C ( (^Ff Bl ] M ' p ' f '^, dehned as above. For G v G M(B,V r>e ) (resp. G v G 
M(B, V( rp ) i£ )), we have 




-H D a <p( 


x) 


r](x)M a 


< £ 




D a ip(x) \ 
rj(x)M a R a / 



for all /' G B — U°, a G x G R d . This implies that D a <p(x) / (rj(x)M a ) G 

B° = U°° = U (the last equality holds since U is convex, circled and closed) for 
all a G x G M d , in the Beurling case and similarly e~ l D a <p(x) /(■ rj(x)M a R a ) G 
17 for all a G N d , x G M d , in the Roumieu case. Thus ip G WT-.e (resp. 

G VF ( , p))£ ), which proves that ha G F*(M d ; F) —> C t (^Ff B* j is topolog¬ 
ical isomorphism. □ 


Since B* is complete and satisfies the weak sequential approximation prop¬ 
erty, the above proposition together with [18j Proposition 1.4] implies that if 
F is a sequentially complete, resp. quasi-complete, resp. complete, l.c.s. the 
space F*(M d ;F)(= B*eF ) is canonically isomorphic to the sequential com¬ 
pletion, resp quasi-completion, resp. completion, of B* <g) e F. Thus, by tak¬ 
ing F = (M m ) where rp is continuous positive ultrapolynomially bounded 
weight of class f, we have the canonical isomorphism of l.c.s. 

B* n (R d -B; i (M m )^j ^ B*(R d )eB^(R m ) = B;{R d )® e B* ni (R m ). 

The above results allows us to prove the following proposition which will be 
essential for the proof of the main result from the following section. 

Proposition 4.10. Let r/j be positive continuous ultrapolynomially bounded 
weights of class f on f or j = 1, 2. Then rj = rj i<8)7/2 is a positive continuous 
ultrapolynomially bounded weight of class f and B*(R dl+d2 ) = B* n (R dl )® e B* 2 (R d2 ). 

Proof. That rj is a continuous positive ultrapolynomially bounded weight of 
class f on ~E, dl+d2 is obvious. By the above discussion, it is enough to prove 

B*(M dl+d2 ) = B* m B,* 2 (M d2 )j; but the proof of this fact is analogous to 
that of m Proposition 4] and we omit it. □ 


5. Existence of convolution of two ultradistributions 

Denote by <£ 0 the set of all g G Co(M d ) such that g{x) > 0 for all x G 
For g G (£ 0 and r > 0 (resp. (r p ) G 91 and denote R a = rijv!i r i)’ we define 
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g r (resp. V^Z g to be the space of all <p G C°°(R d ) such that 


PgAp) = SU P 


\\gD a (p\\ i 


( . . \\ 9 D a v\\ L ~ 

< oo resp. p g ,{r p )VP) = sup —-< oo 

\ aSN d iV / J Q ,ix Q , 


One easily obtains that V'fZ g r (resp. V^Z g ^) becomes a (R)-space when 
equipped with the norm p qr (resp. P g ,(r p ))- For j 6 f 0 define R ( /tZ g = 
Inn T>L~, g , r , resp. Vi™ P l = l H 1 V™Z Mrp y For each g G £ 0 , V* L ^ g is a com- 

r—¥oo (r p ) € 9 } 

plete l.c.s. We define an order L on £ 0 as follows: g y< g\ when g(x) < gi(x) 
for all x G R d . Since for g, gi G (t 0 , g 2 (x) = max{g(:r), ^(x)}, x G W 1 , is 
again in £ 0 j (Co, A) becomes a directed set. If g,gi G Co with g -< gi, one 

has that X>£oo ;ffl is continuously injected into under the canonical in¬ 
clusion mapping. Hence, we can define as l.c.s. = lhn (resp. 

T>\ A ^ f = lhn T>^ p g ). Clearly, V* Lao is complete. 
ge£o 


Lemma 5.1. As sets T>* Loo = X^oo ani ^ the identity mapping —>■ R*l™ is 

continuous. Moreover, V* Too and PL have the same bounded sets. 

^T) - LJ 1 j 


Proof. It is easy to verify that the inclusion mapping V* L oo —>■ T>* L oo is a well- 
defined and continuous injection. We prove the surjectivity in the Roumieu 
case as the Beurling case is analogous. Let p G but p T>\^Z^. So 

there exists (r p ) G 91 such that ||v 7 IU° o ,(r p ) — oo. Let gi(x) = e~l x L Clearly 
g i G Co- Hence C = p gi ,(r p )(p) < oo. For j G Z + , let Kj = {x G M d | |x| < j}. 
As <?i is positive, C 3 = sup sup \D a ip{x) \ / (rj(x)M a R a ) < oo for j G Z + . Since 

cx x£Kj 

IMU°°,(>>) = °°i Cj monotonically increases to oo. Hence we can find G 

and x^ G M d , j G Z + , such that |x(0| + 1 < |xC +1 )| and D ab) p(x^) > 

jp{x^)M a (j)R a (j) for all j G Z + . Let pj = |x^d| and set go(Pj) = J _1//2 , for 
j G Z + . Define go : [0, oo ) —> (0, oo) linearly on the intervals (pj, Pj+i) and by 
the constant 1 on [0, p\). Then go is continuous monotonically decreasing and 
tends to 0 when p —> oo. Let g(x) = Po(W) for x G M d . It is easy to verify 
that g G Co- Observe that 


g(x^) D ah) p(x^) 
rj(x^)M a u)R a u) 


> \Tj 


—> oo, as j —> oo, 


i.e., PgXr p ){p) = oo which is a contradiction. It remains to prove that Rf™ 
and R* LOO have the same bounded sets. Clearly, each bounded set in the former 
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space is bounded in the latter. We prove the converse in the Roumieu case, the 
Beurling case being similar. Let B be a bounded subset of which is not 

bounded in Thus, there exists (r p ) E 91 such that sup ||<^|| ]jOO ^ — OO. 

77 veB 71 ’ 

Similarly as in the proof of the surjectivity, we can find <pj E B, of 3> g 
and E M d , j E Z +? . such that |x^| + 1 < |x^ + P| and D a(3) <pj(x^) 
jrj(x (j ^) M a (j) R a u) for all j E Z + . By defining g E Co as above, one obtains 
g(x^) D ab) ipj(x^) 


> 


r}(xW)M a v)R a v) 


oo, as j —y oo, 


i.e., sup p 9 i(?v )(<p) = oo which is a contradiction. 
vgb 

Lemma 5.2. For each g E <£q and r > 0 (resp (r p ) E%\), the set 


□ 


B = 


g(a)r^D a S a 


V (a)M a 
is precompact in T>' r \ 


a E M , a E hr > resp. B = 


g(a)D a S a 


V (a)M a R 0 


a E M , a E 


Proof. Let B be a bounded subset of B* and consider the neighborhood of zero 
B° in Pjj. In the Beurling case, for r' = 2 r, 

'r'^D a 5„ 


sup sup 

cp£B a,a 


V (a)M a 


-,v 


r '\ a \ \D a (p(a)\ 

= sup sup-———- = SU P 

<p(zB a,a V\^J b/Lq. peB 


L2°,r 


/ = C' < oo 


and in the Roumieu case, for (r p ) = (r p /2) denote R! a = ]/[',=i r p to obtain 


sup sup 

ifEB a,a 


D a S a 


V {a)M a R' a 


-,P 


= sup sup 


\D a v(a)\ 


= sup 


r ’ 1 = O' < OO. 


— t - v / o, \rr\\L™,(r' p ) 

(f£B a,a T][a)lVl a K a (p£B 

Set C — C' + 1. Thus, there exists p 0 E Z + such that for all |a| > p 0 , a E 
ipE B, 


r^D a 8 a 
V(a)M a ’ 




< m\gh 




resp. 


D a 8 n 


g(a)M a R a ’ 




< m\gh 




Since g E € 0 there exists c > 1 such that g(x) < 1/(2 C) for all |x| > c. Now, 
observe that the set 


B = 


g(a)r^D a S a 


g(a)M Q 


a < c, |a| < po } , resp. B = 


g(o)D a 8 a 


V (a)M a R 0 


|a| < c, \a\ < p, 


is bounded in £'(W l ) and since the latter space is Montel it must be pre¬ 
compact in £'(R d ) and thus also in Vf. Hence there exists a finite subset 

H = {fi, ..., /„} C B such that B C H + B°. Fix b E M. d with |6| > c and 
f3 E N d with \/3\ > p 0 and set / 0 = g(b)r^D^8b/(r}(b)Mp) E B (resp. / 0 = 
g^DPSb/^rj^MpRp) E B). Dehne H — HU {/ 0 }. If |a| < p 0 and |a| < c, 
then, by construction, there exists fj E H such that g(a)r^D a 8 a /(p(a)M a ) — 
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fj G B° (resp. g(a)D a S a /(rj(a)M a R a ) — fj G B°). If |a| > p 0 or |a| > c then 
g(a)rWp a 8 a /(ri(a)M a ) - f 0 G B° (resp. g(a)D a 8 a /(r 1 (a)M a R a ) - f 0 G B°). 
Hence B is precompact in D'A. □ 

We denote by V}™ c the space V* Laa equipped with the topology of compact 
convex circled convergence from the duality (Vj \, T)}™) (cf. Theorem 13.61) . 

Proposition 5.3. The spaces V * L oo c and T>* LOO are isomorphic as l.c.s. 

Proof. Lemma 15.11 states that these spaces are algebraically isomorphic. Let 
e > 0, g G (to, r > 0, resp. (r p ) G 91 and consider the neighborhood of 

zero V = j<p G \ p g , r (p) < ej (resp. V = {<p G Pg,(r P )(<p) < e}) 

in T>foc. For these g and r (resp. (r p )), define B as in the statement of Lemma 
15.21 The quoted lemma states that B is precompact in 'D'f and hence so is 

its convex circled hull B. Denoting by B° the polar of B with respect to the 
duality (V’fi , T)}™) , one easily verifies that eB° C V. Thus the topology of 

T>foo c is stronger than the topology of V * Lao . Conversely, let B° be the polar of a 
convex circled precompact subset B of D'L Proposition 13.51 implies that there 
exist a precompact subset Bi of L) } and an ultradifferential operator P(D) of 
class * such that each f G B can be represented by / = P{D)F for some F G 
Bi. Let P{D) = J2 a c aD a . There exist C,r > 0 (resp. (r p ) G 91 and C > 0), 
such that \c a \ < Cr^/M a (resp. \c a \ < C/(M a R a ), where R a = n^iD')- 
Since Bi is precompact in L ), we conclude that for each n G Z + there exists 

k n > 1 such that sup / \F(x)\g(x)dx < 2~ n . Without losing generality 

FgBi J\x\>k n 

we can assume that k n+ i > k n + 1, Vn G Z+. Define g 0 : [0, oo) —$■ (0, oo) by 
go(k n ) = l/n and linearly on (k n , k n+ 1 ) to be continuous. Furthermore, define 
g 0 (p) = 1 on [0, ki). Set g{x) = c/o(M)- Clearly g G Co- For n G Z + denote 
K n = {iG M d | |x| > kn) and set K 0 = M d . Set t — 2r (resp. (t p ) = (r p /2) and 

T p = nj=i tj). Then, for -0 G T>* L oo and / G B, in the Roumieu case, we have 


l<-0,/> I < 
< 


< 


\P(-D)il>(x)\\F(x)\dx 

g(x)\D a ip(x)\ \F(x)\r](x) 


c ? 2_w /. 


Rd rj(x)M a T a g(x 

\F(x)\r)(x 


dx 


Cl Pg,(t p )Wj2 , n (\ T \) 

n=0 JKn\Kn+l MFIJ 


dx 




n + 1 


n=1 


< CiPg^fj) 


< C 2 Pg, {tp )W 
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and similarly, in the Beurling case, sup | (-0, /)| < C^Pgtidf)- Thus, by defining 

f&B 

V = [r e p a ,t{<p) < C7 1 } ( res P- V = [t e ^L“ p} |P9.(h)(^) ^ c< 2 _1 }) » 
we have V C B°. □ 


Since V* Loo is complete l.c.s., the above proposition implies that T>* Loo c is 
complete l.c.s. and its topology is generated by the system of seminorms p 9tr , 
g E £ 0 , r > 0, resp. p g ,(r p ), 9 G £o> ( r p) G 3d- Now, it is easy to verify that 
^A T>* LOO c . In fact, one can prove by a similar technique as in the proof 


of ii) of Lemma l2~4l that given if E D* L oo c , (p n if E dy (M d ) and (p n if -A -0 


m 


X> 




where <p n E Sf(Mr), n E Z + , is the sequence of if) of Lemma l2~fl Thus, 


B* ^A T>£oo c and denoting by 


X> 


L-,c 


the strong dual of DJoo c , we have the 


continuous inclusion \ T>* Lao -A Vfi. Moreover, we have the following 


Proposition 5.4. The spaces (Pf™ and are isomorphic as l.c.s. 

Proof. If X is a l.c.s. with X' being its dual, the topology c of compact 
convex circled convergence on X' is clearly stronger than the weak topology. 
Moreover, every compact convex circled subset of X is clearly weakly compact, 
thus X' c has weaker topology than the Mackey topology on X'. Hence (A 7 "')' is 
algebraically isomorphic to X. Considering the duality (Vfi , T)* Lao ( f), we obtain 

that the dual of is algebraically isomorphic to Vfx. The topology of Vfx 

is the topology of uniform convergence on all equicontinuous subsets of 'D* Loo>c . 

But, V'f is a complete barreled l.c.s. (in fact is an (T)-space and 

-^77 ^77 

pCRp) . g ] 3 arre j ec [ Theorem 13.6[) hence its topology is in fact the topology of 

^77 

uniform convergence on all strongly bounded subsets of (P'fi'j = B>* Lao . But 
Lemma fTTI implies that the bounded subsets of an d are the same, 

hence (t>* L oo and T>'f x are isomorphic as l.c.s. □ 

Remark 5.5. By using similar technique as in the proof of Lemma 14.51 one can 
prove that every bounded subset of V* LOO c is precompact and since the latter 
space is complete, also relatively compact. Hence V* Loo c furnishes an elegant 
example of complete semi-Montel space which is not (infra)barreled since it is 
not reflexive (cf. Theorem 13.61 and Proposition I5.4|h 


We need the following technical lemma whose proof is simple and we there¬ 
fore omit it. 


Lemma 5.6. The multiplication ((p,if) -A ipif is continuous bilinear map¬ 
ping in the following cases ■ : D£oo(M d ) x S t *(M d ) -A • : T>£<» iC (M d ) x 
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S;(R d ) -A <S f *(R d ), • : x V* L ^{R d ) -A V* L „(R d ) and ■ : V* L00c (R d ) x 

For f G C(R d ) we define f A G C(R 2d ) by f A (x,y) = f(x + y). To 
consider the problem on the existence of convolution of two ultradistributions 
with restrict our attention to the case rj(x) = 1 . 

Definition 5.7. Let /i ,/2 G d>j*(R d )- We say that the convolution of /i and 
f 2 exists if for each f G S^(R d ), (/i <g) f 2 )f A G T>'^ 1 (R 2d ) and we define their 
convolution by 

(/i * fii <fi) = v'* x ( 9 . 2d ){{fi ® c (R 2d )> Vy? G «S| (R d ), 

where l x . y is the functions that is identically equal to 1 ; from now on denoted 
only by 1 . 

A priori it is not clear that if f\ and f 2 are as in this definition, the 
convolution f\ * f 2 is a well dehned element of 5|*(R d ). To prove this, consider 
the linear mapping F : 5|(R d ) —» V'f 1 (R 2d ), F{f) = (fi®f 2 )f A . If we consider 
F as a linear mapping from 5]* (R d ) to «S|* (R 2(Z ) it is clearly continuous, hence 
it has closed graph. But since for each f G <S|(R d ), (fi® f 2 )f A G V'^fR 211 ) its 
graph is closed in x D)*i (R 2d )- Now, is ultrabornological (since 

it is bornological and complete) and T>'*i (R 2d ) is a webbed space of De Wilde 
since T>'j\ Ip \ R 2d ) is the strong dual of an (F)-space (cf. [2T[ Theorem 11, p. 

64]) and since (R 2d ) is (F)-space (cf. [2U Theorem 4, p. 55]). The 

closed graph theorem of De Wilde [2TI Theorem 2, p. 57] implies that F is 
continuous. Now, observe that /i * f 2 is the composition of the two continuous 
mappings F : 5|(R d ) —» D)*i(R 2d ) and (-,1) : D)*i(R 2d ) —> C (cf. Theorem 

m - 

Theorem 5.8. Let fi, f 2 G <Sj*(R d ). The following statements are equivalent 
i) the convolution of f\ and f 2 exists; 
ii) for all f G <S f *( R d ), (f * A )/ 2 G V'^; 

Hi) for all f G S^(R d ), (f * / 2 )/i G V^; 

iv) for all f,ipE S t *(R d ), * A)C0 * fz) G L 1 (R d ). 

Proof, i) ii). Let 0,-0,X G ^(M* 4 ). Clearly if(x + y)(x * p)(y) G 5|(® 2<i )- 
We have 

(((A* A)/ 2 ) *x,o) = (fi ®/ 2 , H x + y)(x*o)(y))- 

Let f n G <Sf(®" d ); n G Z + , be as in ii) of Lemma 12.41 One easily verifies 
that if{x + y)f n (x)(x * Q)(y) + y)(x * Q)(y) i n QR 2d ) (cf- the proof 

of fi) of Lemma 12.41) and f n (x)(x*9)(y) —> 1 X ®(x*0)(y) in jC (R 2d )■ Hence 

(h ® f 2 ,ip(x + y)(x * 9)(y)) 

= lim (fi® f 2 ,'if(x + y)f n (x)(x*d)(y)) = lim ((/i <g> / 2 )0 A , f n (x)(x * 0)(y)) 

n—>oo n —^oo 
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= ((A® / 2 )V> A ,ix® (x*o)(y)), 

where the last equality follows by i) and Proposition l5.41 Thus (((ip * /i)/ 2 ) * X, 0) 
((/i ® f 2 )ip A , I® ® (x * 0)(y)). Again, i) and Proposition 15.41 imply that there 
exist C > 0, 5 G Co an d r > 0, resp. (r p ) e 94, such that 

|((/i®/ 2)V’ A ,1*® (x*^)(s/))| < Cpg t r(l x ® (x*0)(y)) < Cl || 0 \\£», resp. 

|((/i ®/ 2 )^ A ,1 x® (x * 6»)(2/)>I < Cp g + rp )(l x ® (x*0)(y)) < 0^0^. 

Since <S t *(R d ) is dense in C 0 (R d ), Theorem 13.41 implies that (ip * f 1 )f 2 € V^. 
The proof of i ) in) is analogous. 

ii) =>- iv). By similar arguments as in the discussion after Definition 15.71 
using the De Wilde closed graph theorem, one can prove that the mapping 
p i —\ (p * /i)/ 2 , Sp(R d ) —> is continuous. Hence, for fixed x £ H*(R d ), 

the mapping p ^ ((p * /i)/ 2 , x}, Sp(R d ) -A C, is continuous. On the other 
hand, for fixed p E Sf(R d ), the mapping x ^ ((<P * /i)/ 2 , x)> &* C, is 
continuous by ii). Thus the bilinear mapping G : dq (R d ) x B* —* C, G(p, x) = 

((p * /i)/ 2 , x)j is separately continuous. Since <S|^(R d ) and B^ M ^ are (F)- 
spaces, resp. (R d ) and B^ Mp ^ are barreled (DF)-spaces, G is continuous. 

Thus G defines a continuous map G : Sp (R d )®B* —> C where the topology on 
the tensor product is 7r = e (<S| (R d ) is nuclear). 

Consider the linear transformation on R 2d , © (x,y) = (x + y,y). It induces 
topological isomorphism 0 : 0 ha- 0 o 0 on <S.j*(R M ) and on H*(R 2d ). Hence *0 
is topological isomorphism on tSj*(R 2d ) and on Dj*i(R 2d ). 

For ip, x £ Sp(R d ), we have 

G(f ® x) = {(<p * /i)/ 2 , X) = (/i ® A, + j/)x(j/)) = C@(/i ® A), P ® X')- 

Since <S f * (R d )®.S t *(R d ) is dense in (R M ), t ®(h®f 2 ) = Ge ^Sp(R d )^B*(R d )^. 
There exist C > 0 and equicontinuous subset H' of d>j*(R d ) and equicontinuous 
subset K' of V' r y (R d ) such that 

(5.1) |G(#)| < C sup sup \(u®v,0}\ 

uGH' vG K' 

for all 6 E d>|(R d ) <S> B*(R d ). It is easy to verify that the set W = {<& E 
<Sj*(R 2d )| <h = u <S> v, u E H', v E K'} is equicontinuous subset of S(*(R 2d ). 
Since dq(R 2d ) is continuously injected into Sp (R d )®B*, (15.1[) holds for all 0 E 
d>)*(R M ). As H' and K' are equicontinuous subsets of ^(R' 1 ') and V^ 1 (R d ) 
respectively, there exist C\ > 0 and r > 0 (resp. (r p ) E 94) such that for all 
f E 5|(R d ) and x G B*(R d ) 

sup \(u, f)\ < C\<y r (f) and sup |(v,x)| < Ci||x||l°v 

uGH' vGK' 

(resp. sup \(u,f)\ < C 1 a {rp) (p) and sup |(u,x)| < C'lllxll L«(r p ) ) • 

V uGH 1 vGK 1 J 
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We continue the proof in the Roumieu case, since the Beurling case is similar. 
By Lemma 11.11 we can assume that (r p ) is such that R p + q < 2 p+q R p R q for all 
p,qE Z+. Let ( r' p ) = (r p /(2H)). For 9 e S { { ^ } } (R 2d ) and u e H' and v G K' 
we have 


j(u(x) ®v(y),9(x,y))j 

= IM^), (v(y),0(x,y )))| < C x sup sup 

a€N d xGR d 

\D-D^(x,y)\e Br ^ 
< Cj sup sup J - - 

Q,/3GN d x,y€ R d M a MpR a Rp 


\(v(y), D^6(x, y))\ 
M n R„ 


< C -2 sup sup 


\D^D^9(x,y)\e Br p^ 


i,/3e x,y€R d M a +pR a+ p 

Let (^,^6 5^ p ^(]R d ) be fixed. For x £ clearly 

X<pA x > y) = f <p(x-y + t)ip(t - y)x(t)dt e 5 { { f p } } (l 2d ). 

JR d 1 Pl 

Moreover, observe that 

e B rp {\x\) < 2e B rp {2\x-y+t\) e B rp {2\y-t\) < ^B^x-y+t^) 


and thus 


sup sup 

a,/3 x,y 


e Br p {\x\) \D«DP Xv >A X ’y)\ 


M a+ pR' a+ p 


<c 3 


Observe the mapping F v ^ : «S| 4 ^ (R“) —> C, F p ^( X ) = G( X <p,i>)- By the above 
estimates, we have \F v ^(x)\ < C 4 


Since d>j)^(R a! ) 


is dense in Co(R d ) 


this mapping can be continuously extended to F p ^ : C'o(R rf ) —> C. Observe 
that, for x £ 

F v ,i>{x) = C©(/i ® f 2 ),X<p,^) = (/l ® h ® h, <p( x + t)ip(t - y)x(t)) 

= {{<P* flM* f2),X)- 


Thus (<p * fi)(ip * f 2 ) £ A1 1 (R d ). But (<p * f\)(ip * / 2 ) is a continuous function, 
hence (p * fi)(ip * / 2 ) G L 1 (R d ). The proof of in) =>■ in) is similar. 

in) =>■ i). By similar arguments as in the discussion after Definition 15.71 
using De Wilde closed graph theorem, one verifies that the bilinear mapping 
G : 5 t *(R d ) x Sj(R d ) — » L 1 (R d ), G(p,ip) = (p * f\)(ip * / 2 ), is separately 

continuous, hence continuous since «S^ p ^(R d ) is an (F)-space, resp. 5|^ /p ^(R d ) 
is a barreled (DF)-space. Kepping in mind d>j(R 2d ) = (R^)®^ (R d ) where 

the topology on the tensor product is tt = e (S^ (R d ) is nuclear), G extends to 
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a continuous mapping G : ^(R 2 ^) — y L 1 (M d ). Denote by V the continuous 
mapping 

S*(R 2d ) x t3*(R d ) <S f *(R 2d ) x C 0 (R d ) L\R d ) x Co(R d ) M C, 

where the last bilinear mapping is the duality between A / l 1 (M a! ) and Co(R d ) 
(L 1 (M d ) is closed subspace of A / l 1 (M d )). V extends to a continuous mapping 
V : <Sj(R M )<g);B*(R d ) —> C, where the topology on the tensor product is it = e 
(<S t *(R 2d ) is nuclear). Fix 9i,9 2 £ Sf(R d ). The mapping Fg u g 2 : B*(R 2d ) —>• 
tSj*(R 2d ), Fg ^ (x) = (9 1 ®9 2 )x, is continuous, hence so is the mapping Fg lt g 2 <g) 

Id : B*(R 2d ) ® e B*(R d ) —> <S t *(R 2,i ) <g) £ B*(R d ). By Proposition 14. 101 F 0l g 2 ® Id 
extends to a continuous mapping Fg lt g 2 ® Id : B*{R 3d ) —> S^(R 2d )®B*(R d ). 
Denote by Ug lt g 2 the continuous mapping V o (F 01 : 0 2 (g)ld) : B*( R 3d ) —> C. For 
(p, il), x £ 5|(R d ), we have 

Uouhiv ® -0 ® x) = (. fi(x ) ® f 2 (y) ® D, 01 0 + t)0 2 (t - y)<p(x + t)^(t - j/)x(t)). 
Since (R d ) ® ^(R d ) ® (Sf(R d ) is dense in (R 3d ), for w £ (R 3d ) there 

exists a net {iDa}aga Q S^(R d ) ® S^(R d ) ® S^(R d ) which converges to w in 
5 t *(R 3d ). Thus, for w £ S t *(R 3d ), we have 

Ug lt g 2 (w) = (fi(x) ® f 2 (y ) ® l t , 0i(x + t)9 2 (t - y)w{x + t,t-y, t)) 

Let (p n £ (R rf ), n £ Z + , be as in ii) of Lemma [2.41 and for m,n £ Z + and 
X e S{(R 2d ) dehne w ntTn (x,y,t) = ip n (x - y)x(x ~ t,t - y)p m {x) £ 5 f *(R M ). 
Then 

Ug 1 ,g 2 ( w n,m) = (fi{x) ® fo(y) ® li, 01 (x + t)9 2 (t - y)(p n (x + j/)<p m (a; + t)x(a?, j/)) 
= (/i(z) ® / 2 (j/), (0i^ m ) * 9 2 (x + j/)v7„(a: + y)x(x, y))- 

One easily verifies that 9ip m —» 9\ in 5^ (R d ), hence ((0i<p m ) * 9 2 ) A —> (9\ * 
9 2 ) A in V* Loo (R 2d ). Lemma [5761 implies that for each hxed n £ Z + , (0i<^ m ) * 
9 2 (x + y)<p„(x + y)x(x,y) -> 9i * 9 2 (x + y)ip n (x + y)x(x,y), in S t *(R 2d ) and 
V) n ,m(x, y, t) -£ <p n (x - y)x(x -t,t-y) = w n (x, y, t ) in V* Lao iC (R 2d ) as m —>• oo. 

If we let m —> oo in the above equality, by using Proposition 15.41 we have 

U dl ,e 2 (w n ) = (fi(x) ® f 2 (y),0 1 * 9 2 (x + y)ip n (x + y)x(x,y)), Vn £ Z+. 

One easily verihes that <p n (x + y) 1 X}V and <p n (x — y) -£ l x . y in V* Laa c (R 2d ). 

Set w(x, y, t ) = x( x — t,t — y) £ V* Laa c (R 3d ). If we let n —> oo in this equality, 
Lemma 15.61 and Proposition 15.41 imply 

Ug 1 ,o 2 (w) = (/i(x) ® f 2 (y),9 1 *9 2 (x + y)x{x,y)) = ((/i ® / 2 )(0i * 9 2 ) A , x)- 

Since Ug l! g 2 £ by Proposition 15.41 there exist C > 0, g £ £ 0 and 

r > 0 (resp. (r p ) £ 94) such that 


Ug lt e 2 (w) 


< Cp g) r(w ) < C\ 11AL11 Z/°° (M 2d ) , 2r 
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Uo u O ' 2 0) < C Pg,(r P )(w) < C 1 


resp. u eifi2 yw) ^ ^Pg,(r P )V w ) ^ ^i||X||L->(R 2 rf),( rj) / 2 ) 
We obtain that for each 01,6b G dq(R d ), (/i <g) f 2 )(9 1 * 9 2 ) A G 


V'*A 


6 2 d\ 


By using De Wilde closed graph theorem once again, one proves that the 
bilinear mapping (0i,0 2 ) ^ (/i <8> /hX^i * 02) A , 5f(R d ) x S^(R d ) -A (R 2d ) 

is continuous. Fix y G 5|(M 2a! ). Since Vf 1 (R 2d ) is bornological (cf. Theorem 
13.61 for the Beurling case), Theorem 13.41 implies that the mapping /(—)■/* y, 


V'f 1 (R 2d ) —*■ L 1 (R 2d ) is continuous, ffence the bilinear mapping Q x : (R d ) x 


5 . 


't 1 


->• L l ( 


l ), Q x (0i,0 2 ) = ((/1 <S> f 2 )(0 1 * 0 2 ) a ) * x , is continuous. We 
continue the proof in the Roumicu case, as the Beurling case is similar. For 
(r p ) G 93 denote by X( rp ) the closure of 5|(R d ) in S 


Mp 5 (^p) 

Ap,( r p) 


x, 


There exists 

’ X( rp ) x 
— X( rp ) 


r p ) G 93 such that Q x extends to a continuous bilinear mapping Q x 
\r p ) —> L 1 (R 2d ). Take (l p ) G 93 with (l p ) < ( r p ) such that 
(for the construction of such (l p ) see the proof of Proposition 12.5p . For this 
(Ip), Proposition 12.21 implies that there exist u G Sa p (i p ) an d P(P) of class 
{M p } such that P(D)u = S. Moreover, by the way we choose (l p ), there exist 


6 n G S. 


t 


*), n G 


but fixed 6 G S. 


t 


Z + , such that 9 n —> u in X( Tp ). 
i d ), we have 


Observe that for arbitrary 


(fi ® / 2 )(0 * P(D)9 n ) A J * X = Q X (P(D)9,9 n ), Vn G Z + . 

By construction, the right hand side tends to Q x (P(D)9,u) in L 1 (R 2d ). For 
p G 5j*(R 2d ), for the left hand side we have 

(/i ® f2)(0 * P(D)0 n ) A ) * x, <p) = (fi® fo, ( P(D)9 * 9 n ) A x * P 


One easily verifies that for each i/j G 5((R d ), (' if*9 n ) A —> (f>*u) A in ©^(R 26 *). 
ffence, Lemma ffnEl implies ( P(D)9*9 n ) A x*p —> (P(D)9*u) A x*p in iS|(R 2d ). 
Observe that P(D)9 * u = 9 * P(D)u = 9 in S'f(R d ). Clearly P(D)9 * u 
is C°° function, hence the equality also holds pointwise. We obtain that 

((/i ® / 2 )(0 * P(D)@n) A ^J t ((/i ® / 2 )0 A ) *X weakly in 5|*(R 2d ). But the 
latter space is Montel, hence the convergence also holds in the strong topology. 
We obtain ((/i <g> f 2 )9 A ) * y = Q x (P( D )0,u) e L 1 ^)- Since y G «Sf(R 2d ) is 
arbitrary, Theorem 13.41 implies that (fi (g) f 2 )9 A G Vf 1 (R 2d ). □ 


Remark 5.9. If the convolution of fi and f 2 exists, ii) and Hi) of Theorem 15.81 
imply that (/, * f 2 ,ijj) = ((if * /i)/ 2 ,1) = ((if * / 2 )/i, 1). This can be proved 
by using the sequence {p n }nez + Q 5j*(R d ) from ii) of Lemma 12.41 via a similar 
argument as in the proof of i ) =>■ ii) of Theorem 15.81 


As direct consequence of this remark and Theorem 15.81 we obtain the 
following useful corollary. 


Corollary 5.10. Let the convolution of fi and f 2 exists. Then the convolution 
of f 2 and fi also exists and fi*f 2 = f 2 *fi- UP(D) is ultradifferential operator 
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of class *, then the convolution of fi and P(D)f 2 exists and the convolution 
of P(D)fi and f 2 also exists and P(D)(f 1 * f 2 ) = fi* P(D)f 2 = P(D)fi * f 2 . 


References 

[1] C. Bargetz, N. Ortner, Convolution of vector-valued distributions: a survey and com¬ 
parison, Dissertationes Math. 495 (2013), 1-51. 

[2] R. Carmichael, A. Kaminski, S. Pilipovic, Boundary values and convolution in ultra¬ 
distribution spaces , World Scientific Publishing Co. Pte. Ltd., Hackensack, NJ, 2007. 

[3] G. M. Constantine, T. H. Savits, A multivariate Fad di Bruno formula with applica¬ 
tions, Trans. Amer. Math. Soc. 348 (1996), 503-520. 

[41 A. M. Davie, The approximation problem for Banach spaces. Bull. London Math. Soc. 
5 (1973), 261-266. 

[5] P. Dierolf, S. Dierolf, Topological properties of the dual pair , B(H)"), Pacific J. 

Math. 108 (1983), 51-82. 

[61 P. Dierolf, J. Voigt, Convolution and S'-convolution of distributions, Collectanea Math. 
29 (1978), 185-196. 

[7] P. Dimovski, S. Pilipovic, J. Vindas, New distribution spaces associated to translation- 
invariant Banach spaces, Monatsh. Math., in press (doi:10.1007/s00605-014-0706-3). 

[8] P. Dimovski, S. Pilipovic, B. Prangoski, J. Vindas, Convolution of ultradistributions 
and uttradistribution spaces associated to translation-invariant Banach spaces, Kyoto 
J. Math., in press (preprint: arXiv: 1409.4249). 

[9] P. Dimovski, B. Prangoski, J. Vindas, On a class of translation-invariant spaces of 
quasianalytic ultradistributions, preprint (arXiv:1502.06264). 

[10] P. Enflo, A counterexample to the approximation problem in Banach spaces, Acta 
Math. 130 (1973), 309-317. 

[11] A. Grothendieck, Produits tensoriels topologiques et espaces nucleaires, American 
Mathematical Society, Providence, RI, 1955. 

[12] J. Horvath, Sur la convolution des distributions, Bull. Sci. Math. 98 (1974), 183-192. 

[13] A. Kaminski, Convolution, product and Fourier transform of distributions, Studia 
Math. 74 (1982), 83-92 

[14] A. Kaminski, D. Kovacevic, S. Pilipovic, The equivalence of various definitions of 
the convolution of ultradistributions, Trudy Mat. Inst. Steklov 203 (1994), 307-322; 
translation in: Proc. Steklov Inst. Math. 203 (1995), 259-270. 

[15] J. Kisynski, On Cohen’s proof of the factorization theorem, Ann. Polon. Math. 75 
(2000), 177-192. 

[16] H. Komatsu, Ultradistributions, I: Structure theorems and a characterization, J. Fac. 
Sci. Univ. Tokyo, Sect. IA Math., 20 1 (1973), 25-105. 

[17] H. Komatsu, Ultradistributions, II: The kernel theorem and ultradistributions with 
support, in submanifold, J. Fac. Sci. Univ. Tokyo, Sect. IA Math., 24 3 (1977), 607 
628. 

[18] H. Komatsu, Ultradistributions, III: Vector valued ultradistributions and the theory of 
kernels, J. Fac. Sci. Univ. Tokyo, Sect. IA Math., 29 3 (1982), 653-717. 

[19] H. Komatsu, Microlocal analysis in Gevrey classes and in complex domains, in: Mi¬ 
crolocal analysis and applications, pp. 161-236, Springer, Berlin, 1991. 

[20] G. Kothe, Topological vector spaces I, Berlin-Heidelberg-New York, Springer, 1969. 

[21] G. Kothe, Topological vector spaces II, Springer-Verlag, New York Inc., 1979. 

[221 M. Morimoto, Sur les ultradistributions cohomoloqiques, Ann. Inst. Fourier (Grenoble) 
19 (1969), 129-153. 

[23] M. Morimoto, An introduction to Sato’s hyperfunctions, American Mathematical So¬ 
ciety, Providence, RI, 1993. 


44 


S. PILIPOVIC, B. PRANGOSKI, AND J. VINDAS 


[24] F. Nicola, L. Rodino, Global pseudo-differential calculus on Euclidean spaces, 
Birkhauser Verlag, Basel, 2010. 

[25] N. Ortner, On convolvability conditions for distributions, Monatsh. Math. 160 (2010), 
313-335. 

[26] N. Ortner, P. Wagner, Distribution-valued analytic functions - Theory and applica¬ 
tions, Edition swk, Hamburg, 2013. 

[27] A. Pietsch, Nuclear locally convex spaces, Springer-Verlag, Berlin-Heidelberg-New 
York, 1972. 

[28] S. Pilipovic, On the convolution in the space of Beurling ultradistributions, Comment. 
Math. Univ. St. Paul., 40 (1991), 15-27. 

[29] S. Pilipovic, Characterizations of bounded sets in spaces of ultradistributions, Proc. 
Amer. Math. Soc. 120 4 (1994), 1191-1206. 

[30] S. Pilipovic, B. Prangoski, On the convolution of Roumieu ultradistributions through 
the e tensor product, Monatsh. Math. 173 (2014), 83-105. 

[31] B. Prangoski, Laplace transform in spaces of ultradistidbutions, Filomat 27 (2013), 
747-760. 

[32] B. Prangoski, Pseudodifferential operators of infinite order in spaces of tempered ul¬ 
tradistributions, J. Pseudo-Differ. Oper. Appl. 4 (2013), 495-549. 

[33] H. H. Schaefer, Topological vector spaces, Springer-Verlag, New York-Heidelberg- 
Berlin, 1970. 

[34] L. Schwartz, Espaces de fonctions differentiables a valeurs vectorielles, Journal 
d’Analyse Matliematique 4 (1954), 88-148. 

[35] L. Schwartz, Seminaire Schwartz de la Faculte des Sciences de Paris, 1953/195f. 
Produits tensoriels topologiques d’espaces vectoriels topologiques. Espaces vectoriels 
topologiques nucleaires. Applications, Secretariat mathematique, 11 rue Pierre Curie, 
Paris, 1954. 

[36] L. Schwartz, Theorie des distributions a valeurs vectorielles. I, Ann. Inst. Fourier 7 
(1957), 1-141. 

[37] Z. Semadeni, Schauder bases in Banach spaces of continuous functions, Lecture Notes 
in Mathematics, 918, Springer-Verlag, Berlin-New York, 1982. 

[38] R. Shiraishi, On the definition of convolution for distributions, J. Sci. Hiroshima Univ. 
Ser. A 23 (1959), 19-32 

[39] R. Shiraishi, M. Itano, On the multiplicative product of distributions, J. Sci. Hiroshima 
Univ. Ser. A-I Math. 28 (1964), 223-235. 

[40] A. Szankowski, Subspaces without the approximation property, Israel J. Math. 30 
(1978), 123-129. 

[41] V. V. Zharinov, Fourier-ultrahyperfunctions, (Russian) Izv. Akad. Nauk SSSR Ser. 
Mat. 44 (1980), 533-570. 

S. Pilipovic, Department of Mathematics and Informatics, University of 
Novi Sad, Trg Dositeja Obradovica 4, 21000 Novi Sad, Serbia 
E-mail address: stevan.pilipovic@dmi.uns.ac.rs 

B. Prangoski, Faculty of Mechanical Engineering, University Ss. Cyril 
and Methodius, Karpos II bb, 1000 Skopje, Macedonia 
E-mail address: bprangoski@yahoo.com 

J. Vindas, Department of Mathematics, Ghent University, Krijgslaan 281 
Gebouw S22, 9000 Gent, Belgium 

E-mail address: jvindas@cage.UGent.be 



